
Foundations of Causal Inference

Causal inference is usually concerned with exploring
causal relations among random variables X1, . . . , Xn

after observing sufficiently many samples drawn from
the joint probability distribution. The formal basis is
the Causal Markov Condition stating that every vari-
able is conditionally statistically independent of its non-
descendants, given its parents with respect to the di-
rected acyclic graph (DAG) that formalizes the causal
relations. Apart from this local version of the Markov
condition, there are other equivalent versions, e.g., the
global one describing additional conditional indepen-
dences that are implied by those appearing in the local
one. Pearl and others have shown that the Markov condi-
tion can be justified by a functional causal model, where
every node is a function of its parents and an unobserved
noise term, with all noise terms being statistically inde-
pendent.

However, causal conclusions in every-day life are usu-
ally not based on statistics. Instead, we even infer causal
links among single objects: Significant similarities be-
tween two texts or pictures, for instance, indicate that
one author or artist has copied from the other, or that
both have been influenced by common third party ma-
terial. There is no obvious way of interpreting such
similarities as statistical dependences between random
variables. We have therefore developed a causal infer-
ence scenario where the nodes of the causal DAG need
not be random variables, but arbitrary mathematical ob-
jects x1, . . . , xn that formalize observations. We have
argued that dependences between xi and xj can be de-
fined by any information measure R as the difference
R(xi) + R(xj) − R(xi, xj), provided that the defini-
tion of R guarantees non-negativity of this expression.
Postulating a stronger condition, namely submodularity,
ensures that R defines a non-negative conditional depen-
dence measure [16]. Using this measure, we can formu-
late the non-statistical analog of the different equivalent
versions of the Markov condition mentioned above and
shown that they are also equivalent.

To explore the conditions under which such an R-
based Markov condition is related to causality, we have
generalized the concept of a functional model to the non-
statistical setting. The postulate that each Xj is deter-

ministically given by its parents and the noise variable
then translates into postulating that the mechanism gen-
erating xj from its parents and its noise does not gener-
ate any additional R-information. This shows that the R-
based Markov conditions link dependences to causality
whenever R is appropriate for the class of causal mech-
anisms under consideration [16]. An interesting exam-
ple is given by the Lempel-Ziv compression length of
a string. It is appropriate for causal mechanisms like in-
serting, deleting, and combining substrings. An informa-
tion measure that allows for even more complex causal
mechanisms is given by Kolmogorov complexity. The
corresponding “algorithmic Markov condition” is jus-
tified by an “algorithmic functional model”, where ev-
ery string can be computed from its parents by an ap-
propriate program on a universal Turing machine [2].
This seems to be a weak restriction because the Church
Turing principle implies that every mechanism in nature
has a simulation on a Turing machine because it would
otherwise be a computing device that is not Turing-
computable.

We therefore consider the algorithmic Markov condi-
tion as a basis for justifying other inference methods. It
includes the statistical Markov condition as a limiting
case because the Shannon entropy of a random variable
describes the asymptotic growth rate of the Kolmogorov
complexity of a corresponding i.i.d. sample. Focusing on
the growth rate, however, blurs the algorithmic informa-
tion that is contained in the description of the probabil-
ity distributions of the random variables. We have shown
that the latter also contains valuable causal information
[2]: the “principle of algorithmically independent condi-
tionals (IC)” postulates that all the conditional probabil-
ity distributions of every variable, given its direct causes,
are algorithmically independent. In particular, the short-
est description of P (cause, effect) is given by indepen-
dent descriptions of P (cause) and P (effect|cause). This
justifies, for instance, additive noise based causal discov-
ery because an additive noise model in the wrong causal
direction violates IC (provided that the probability dis-
tribution is sufficiently complex, which excludes cases
like bivariate Gaussians) [3].

1



Novel Methods of Causal Inference and their impact for standard prediction tasks

In causal inference we are given a set of observa-
tions and estimate the underlying causal DAG (directed
acyclic graph): each random variable is a vertex and
parents are interpreted as direct causes. For approaching
the problem, we have developed assumptions that make
the causal graph identifiable from the joint distribution.
These include versions of restricted Structural Equation
Models and an approach based on Information Geome-
try.

In structural equation models (SEMs) each variable
Xj is a function of a set of nodes PAj and some noise
variable Nj :

Xj = fj(PAj , Nj) , j = 1, . . . , p (0.1)

where the Nj are jointly independent, see Fig. 0.1.
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Figure 0.1: Each variable is a function of its parents and its noise

The corresponding graph is obtained by drawing di-
rected arrows from each variable in PAj to Xj (the
PAj become parents of Xj). In this form, SEMs are too
general to be used for structure learning. For two vari-
ables X1 and X2, for example, any distribution can ei-
ther be generated by X1 → X2 or X2 → X1. Traditional
methods assume faithfulness and can therefore identify
the Markov equivalence class of the graph; in particu-
lar, this does not help in the bivariate situation described
above. As an alternative we propose restricted SEMs,
in which some combinations of function and the distri-
bution of noise and parents are excluded. If the struc-
tural equations satisfy an additive noise structure, that
is, Xj = fj(PAj)+Nj , then combinations of function,
input and noise distribution only allow for X1 → X2

and X1 ← X2 if the triple satisfies a specific differ-
ential equation [7]; the combination of linear function
and Gaussian variables manifests one important excep-
tion. That is, in the generic case, the graph is identifiable
from the joint distribution. A similar result holds if all
variables are integer-valued [13] or if we interpret Equa-
tion (0.1) in Z/kZ [4].

Theoretically, it is sufficient to consider the bivariate
case: if a restricted functional model class allows for dis-
tinguishing between X1 → X2 and X1 ← X2, this
function class also allows for identifying a causal graph
with p variables from the joint distribution [14]. Assum-
ing that the data come from such a restricted functional
model class, this result can be used in the following
way: for each DAG we perform corresponding regres-
sions and test the residuals for independence. Accord-
ing to the theory we should obtain independence for at
most one DAG. Because the number of DAGs is grow-
ing hyper-exponentially in the number p of nodes, this
approach becomes infeasible already for small values of
p. [11] describes how one can estimate the graph while
avoiding the enumeration of all possible DAGs. Since
this method is based on the assumption of independent
additive noise, one can make the independence of the
residuals a criterion for regression.

In applications, we often find that the data are not i.i.d.
but possess some time structure. It is therefore worth-
while to know that the identifiability results transfer to
time series data, too, and constitute an improvement to
the well-known Granger causality.

Additive noise models further allow for the detec-
tion of a hidden common cause. In the limit of small
noise variance, one can distinguish between X1 → X2,
X1 ← X2 and X1 ← Z → X2 with an unobserved
variable Z [9].

Although the above methods inherently rely on noisy
causal relations, statistical asymmetries between cause
and effect can even appear for deterministic relations.
We have considered the case where Y = f(X) and
X = f−1(Y ), for some invertible function f , where
the task is to tell which variable is the cause. Apply-
ing the general principle [2] that P (X) and P (Y |X) are
algorithmically independent if X causes Y , we postu-
late that the shortest description of P (X,Y ) is given
by separate descriptions of P (X) and f . Description
length in the sense of Kolmogorov complexity is un-
computable, but we can easily test the following kind of
dependence: choosing P (X) and f independently typ-
ically implies that P (Y ) tends to have high probability
density in regions where f−1 has large Jacobian. This
observation can be made precise within an information
theoretic framework [6, 1] showing that applying non-
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linear f to P (X) decreases entropy and increases the
relative entropy distance to Gaussians, provided that a
certain independence between f and P (X) is postulated
which can be phrased as orthogonality in information
space. The corresponding inference method is computa-
tionally simple and achieved positive results on real data.

While the aforementioned method requires non-
linearity, there is a different approach called “trace
method” for linear invertible relations between multi-
dimensional variables that is related in spirit: if the co-
variance matrix of X and the structure matrix relating
X and Y are chosen independently, directions with high
covariance of Y tend to coincide with directions cor-
responding to small eigenvalues of A−1, which can be
checked by a simple formula relating traces of covari-
ance matrices with traces of structure matrices. This
way, cause and effect can be distinguished even in the
Gaussian case [8] even in the regime where the dimen-
sion exceeds the number of data points [19]. The method
turned out to be helpful even for noisy data.

To distinguish X → Y and Y → X and X ← Z →
Y by observing P (X,Y ) only, is even more challenging.
First steps in this direction have been made by additive
noise models [5], the trace method [19], and a different
method exploring the convex structure of the space of
probability distributions [10].

Our recent work [15] discusses several implications
of the above mentioned asymmetries between cause and
effect for standard machine learning. Let us assume that
Y is predicted from X .
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Figure 0.2: “Causal” and “anticausal” prediction scenario: predict-
ing the effect from the cause or visa versa, respectively. The func-
tion ϕ describes the causal mechanism.

First, we have hypothesized that semi-supervised
learning (SSL) does not help if X is the cause of Y as
in Fig. 0.2 (left), whereas it often helps if Y is the cause
(right). This is because additional x-values only tell us
more about P (X) – which is irrelevant in the case of
causal prediction because the prediction requires infor-
mation about the “unrelated” object P (Y |X). Our meta-
study analyzing results reported in the SSL-literature
supports the hypothesis, see Fig. 0.3.
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Figure 0.3: Comparison of performance of SSL for causal vs. an-
ticausal prediction, as reported in the literature: all cases where
SSL helped where anticausal, confounded, or examples where
the causal structure was unclear.

The second implication refers to the case where the
distribution changes from training data to test data.
The fact that P (cause) provides no information about
P (effect|cause) is closely related to the fact that both
objects change independently across data sets. There-
fore the covariate shift scenario where P (X) changes
and P (Y |X) is constant is only justified if X is the
cause. Otherwise it is more natural to assume that P (Y )
or P (X|Y ) have changed, both cases require non-trivial
updates of the prediction rule P (Y |X). We have dis-
cussed this for the case of additive-noise models.

In parallel to the above work, we have tried to improve
traditional causal inference methods by employing non-
parametric kernel independence tests that we develop.
Based on the causal Markov condition and the faith-
fulness assumption, constraint-based methods for causal
inference, such as the PC algorithm, (partially) recover
the causal structure by exploiting the (conditional) in-
dependences that can be found in the data. It is natural
to combine nonparametric tests with the PC algorithm
for causal inference. An initial generalization of the PC
algorithm using kernel tests was proposed by [17]; the
KCI-test [18] subsequently yielded significant perfor-
mance improvements. Because of the wide applicabil-
ity of the KCI-test, such an approach produces inter-
esting causal information on real data sets. Constraint-
based methods can only recover the Markov equivalence
classes of the causal structures, which are sets of graphs
that impose the same independences and CIs and possi-
bly have undetermined causal directions; if necessary,
one can apply the causal inference approaches based
on functional causal models (such as the post-nonlinear
causal model and the one proposed in [12]) to find those
undetermined causal directions.
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Figure 0.4: Output of KCI-test combined with the PC algorithm on
the Boston housing data set.
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