
Kernel Distribution Embeddings

Classical kernel methods have addressed the mapping
of individual points to feature space. A generalization
is towards feature space representations of probability
distributions. We collectively refer to such mappings as
distribution embeddings.

A natural application of kernel distribution embed-
dings is in testing for similarities between samples from
probability distributions. We refer to the distance be-
tween two distribution embeddings as the maximum
mean discrepancy (MMD). We have formulated a two-
sample test [1] (of whether two distributions are the
same), and showed the independence test in1 (of whether
two random variables observed together are statistically
independent) is a special case. A further application of
the MMD as independence criterion is in feature selec-
tion, where we maximize dependence between features
and labels [3]. We have further developed alternative in-
dependence tests based on space partitioning approaches
and classical divergence measures (such as the `1 dis-
tance and KL-divergence) [7, 2].

A recent application uses kernel means in visualiza-
tion. When using a power-of-cosine kernel for distribu-
tions on the projective sphere, the kernel mean can be
represented as a symmetric tensor. In the context of dif-
fusion MRI, this permits an efficient visual and quantita-
tive analysis of the uncertainty in nerve fiber estimates,
which can inform the choice of MR acquisition schemes
and mathematical models.2

We have also used the kernel means embedding to
develop a variant of an SVM which operates on distri-
butions rather than points [11], permitting modeling of
input uncertainties. One can prove a generalized repre-
senter theorem for this case, and in the special case of
Gaussian input uncertainties and Gaussian kernel SVMs,
it leads to a multi-scale SVM, akin to an RBF network
with variable widths, which is still trained by solving a
quadratic optimization problem.

Given that the MMD depends on the particular ker-
nel chosen, we proposed two kernel selection strategies
[15, 8], the earlier one relying on a classification inter-
pretation of the MMD, and the later one explicitly mini-
mizing the probability of Type II error of the associated
two-sample test (that is, the probability of wrongly ac-

cepting that two unlike distributions are the same, given
samples from each).

A natural question to consider is whether the MMD
constitutes a metric on distributions, and is zero if and
only if the distributions are the same. When this holds,
the RKHS is said to be characteristic. We have deter-
mined straightforward necessary and sufficient condi-
tions on translation invariant kernels for injectivity, for
distributions on compact and non-compact subsets of
Rd [5]: specifically, the Fourier transform of the kernel
should be supported on all of Rd. Gaussian, Laplace, and
B-spline kernels satisfy this requirement. The MMD is
a member of a larger class of metrics on distributions,
known as the integral probability metrics. In [16, 4],
we provide estimates of integral probability metrics on
Rd which are taken over function classes that are not
RKHSs, namely the Wasserstein distance (functions in
the unit Lipschitz semi-norm ball) and the Dudley metric
(functions in the unit bounded Lipschitz norm ball), and
establish strong consistency of our estimators. Compar-
ing the MMD and these two distances, the MMD con-
verges fastest, and at a rate independent of the dimen-
sionality d of the random variables - by contrast, rates
for the classical Wasserstein and Dudley metrics worsen
when d grows.

Embeddings of distributions can be generalized to
yield embeddings of conditional distributions. A first
application of conditional distribution embeddings is to
Bayesian inference on graphical models. We have devel-
oped two approaches: in the first [14, 13], the messages
are conditional density functions, subject to smoothness
constraints; these were orders of magnitude faster than
competing nonparametric BP approaches, yet more ac-
curate, on problems including depth reconstruction from
2-D images and robot orientation recovery. In the second
approach [6], the distributions are represented directly
as embeddings of conditional distributions in RKHSs,
allowing greater generality (for instance, one can define
distributions over structured objects such as strings or
graphs, for which probability densities may not exist).
We showed the conditional mean embedding to be a so-
lution to a vector valued regression problem [9], which
allows us to formulate sparse estimates.

1Gretton et al. A Kernel Statistical Test of Independence. NIPS 2007
2T. Schultz, L. Schlaffke, B. Schölkopf, T. Schmidt-Wilcke. HiFiVE: A Hilbert Space Embedding of Fiber Variability Estimates for Un-

certainty Modeling and Visualization. Submitted to: Eurographics Conference on Visualization (EuroVis), 2013
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Figure 0.2: Type I (left) and Type II (right) errors of KCI-test in a simulated situation.

A second application of conditional distribution em-
beddings is to reinforcement learning. In [10], we esti-
mate the optimal value function for a Markov decision
process using conditional distribution embeddings, and
the associated policy. An illustration is given in the first
figure set, where the value function is estimated in two
rooms connected by a corridor, where the agent has ac-
cess only to images of the wall textures. This work was
generalized to partially observable Markov decision pro-
cesses in [12], where the kernel Bayes’ law was used to
integrate over distributions of the hidden states.

Modelling transition dynamics in MDPs with RKHS embeddings
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Figure 2. We compared our approach in policy learning to the GP based LSPI approach (1st and 4th plot) and in value
learning to NPDP (2nd and 3rd plot). 1st and 4th plot: y-axis shows the average difference of the value of the learnt
policy to the optimal value (averaged over the state space). In experiment 2 LSPI improves slowly after 500 samples
and has problems with the two room task for small samples. 2nd plot: y-axis shows the prediction error of the value
estimators (averaged over the state space). The embedding-based estimator is significantly better, especially for higher
sample numbers. 3rd plot: run time for the two methods – the embedding method is 50-110 times faster on this task.

Details for the policy learning setting: We sam-
pled uniformly from the state and action space and
used a Gaussian kernel on both, selecting as kernel
width the average K-neighbour distance, where K is
one quarter of the sample size. We considered a dis-
cretization of the action space into 25 actions and we
measured the difference between the value function
evaluated on a grid of 25 × 25 points to the optimal
value obtained by dynamic programming using the de-
terministic system dynamics. We compared over dif-
ferent sample sizes and averaged the performance over
10 repetitions.

Details for the value estimation setting: We
used the optimal policy to generate samples. The goal
was to predict the value of the optimal policy. The
performance of NPDP depends strongly on the band-
width parameter of the used kernel (a Gaussian). For
parameter selection, we optimised performance on a
validation set over a grid all free parameters (band-
width for NPDP, bandwidth and λ for the embedding),
and report the error on an independent test set. The
relatively poor scaling of NPDP with increased sample
size is due to the numerical integration step in (Kroe-
mer & Peters, 2011, Algorithm 1).

4.3. Experiment 3

Our final experiment is a high dimensional task where
sensor measurements are available, and no state de-
scription is present. The environment consists of two
rooms connected via a short corridor (Böhmer, 2012).
The sensor measurements are images from a 3D ren-
derer, and we aggregate four orientations (north, east,
south and west) for a panorama, since the camera im-
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Figure 3. Results for Experiment 3 with 4000 data points.
Top figure: optimal value. Middle figure: value of the
learned policy. Bottom figure: the predicted value. The
policy is nearly perfect in the room containing the ob-
jective. The performance degrades when the corridor is
reached due to the challenging ambiguous nature of the
images, which are insufficient to accurately distinguish be-
tween the locations. Similarly, the left wall has a high
predicted value. The bottom picture shows that the value
estimate is close to the optimal value.

ages are ambiguous, especially close to the walls. The
task of the agent is to reach a goal located in one
of the rooms, using only the images to orient itself.
Training points were chosen uniformly over the input
space. We used a Gaussian kernel and cross-validated
the regularization parameter. Results for 4000 train-
ing points are shown in Figure 3. We compared to the
GP based LSPI approach using the same kernel and
settings for both approaches; results are shown in Fig-
ure 2. Our method improves with increasing sample
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learning to NPDP (2nd and 3rd plot). 1st and 4th plot: y-axis shows the average difference of the value of the learnt
policy to the optimal value (averaged over the state space). In experiment 2 LSPI improves slowly after 500 samples
and has problems with the two room task for small samples. 2nd plot: y-axis shows the prediction error of the value
estimators (averaged over the state space). The embedding-based estimator is significantly better, especially for higher
sample numbers. 3rd plot: run time for the two methods – the embedding method is 50-110 times faster on this task.

Details for the policy learning setting: We sam-
pled uniformly from the state and action space and
used a Gaussian kernel on both, selecting as kernel
width the average K-neighbour distance, where K is
one quarter of the sample size. We considered a dis-
cretization of the action space into 25 actions and we
measured the difference between the value function
evaluated on a grid of 25 × 25 points to the optimal
value obtained by dynamic programming using the de-
terministic system dynamics. We compared over dif-
ferent sample sizes and averaged the performance over
10 repetitions.

Details for the value estimation setting: We
used the optimal policy to generate samples. The goal
was to predict the value of the optimal policy. The
performance of NPDP depends strongly on the band-
width parameter of the used kernel (a Gaussian). For
parameter selection, we optimised performance on a
validation set over a grid all free parameters (band-
width for NPDP, bandwidth and λ for the embedding),
and report the error on an independent test set. The
relatively poor scaling of NPDP with increased sample
size is due to the numerical integration step in (Kroe-
mer & Peters, 2011, Algorithm 1).

4.3. Experiment 3

Our final experiment is a high dimensional task where
sensor measurements are available, and no state de-
scription is present. The environment consists of two
rooms connected via a short corridor (Böhmer, 2012).
The sensor measurements are images from a 3D ren-
derer, and we aggregate four orientations (north, east,
south and west) for a panorama, since the camera im-
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Figure 3. Results for Experiment 3 with 4000 data points.
Top figure: optimal value. Middle figure: value of the
learned policy. Bottom figure: the predicted value. The
policy is nearly perfect in the room containing the ob-
jective. The performance degrades when the corridor is
reached due to the challenging ambiguous nature of the
images, which are insufficient to accurately distinguish be-
tween the locations. Similarly, the left wall has a high
predicted value. The bottom picture shows that the value
estimate is close to the optimal value.

ages are ambiguous, especially close to the walls. The
task of the agent is to reach a goal located in one
of the rooms, using only the images to orient itself.
Training points were chosen uniformly over the input
space. We used a Gaussian kernel and cross-validated
the regularization parameter. Results for 4000 train-
ing points are shown in Figure 3. We compared to the
GP based LSPI approach using the same kernel and
settings for both approaches; results are shown in Fig-
ure 2. Our method improves with increasing sample

Figure 0.1: Top: Optimal value function, two rooms dataset. Bot-
tom: Value function estimated via kernel MDP.

A final application of conditional mean embeddings is
in testing for conditional independence (CI). Generally
speaking, the CI between X and Y given Z, denoted
by X ⊥⊥ Y |Z, allows us to drop Y when constructing
a probabilistic model for X with (Y,Z), resulting in a
parsimonious representation.

Testing for CI is much more difficult than that for un-
conditional independence. For CI tests, traditionally, one
either focuses on the discrete case, or imposes simplify-
ing assumptions to deal with the continuous case – in
particular, the variables are often assumed to have lin-

ear relations with additive Gaussian errors. In that case,
CI can be easily tested. However, nonlinearity and non-
Gaussian noise are frequently encountered in practice,
and hence the linear-Gaussian assumption can lead to
incorrect conclusions.

Recently, practical methods have been proposed for
testing CI for continuous variables without assuming a
functional form between the variables as well as the data
distributions, which is the case we are concerned with.
Existing methods are based on explicit estimation of the
conditional densities or discretization of the condition-
ing set Z, or exploit bootstrap to determine the rejection
region. These methods require a large sample size and
tend to be unreliable when the number of conditioning
variables increases.

We proposed a Kernel-based Conditional Indepen-
dence test (KCI-test [17]) which avoids the above draw-
backs. In particular, based on appropriate characteriza-
tions of the CI relationship X ⊥⊥ Y |Z based on con-
ditional cross-covariance operators, we define a simple
test statistic which can be easily calculated from the ker-
nel matrices associated with X , Y , and Z; most impor-
tantly, we further derive its asymptotic distribution under
the null hypothesis, and provide ways to estimate such
a distribution. Finally CI can be tested conveniently. In
this procedure we do not explicitly estimate the condi-
tional or joint densities, nor discretize the conditioning
variables. Our method is computationally appealing and
is less sensitive to the dimensionality of Z compared to
other methods. Our results generalize previous results on
unconditional independence testing1 as a special case.
This is the first time that the null distribution of the
kernel-based statistic for CI testing has been derived.
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