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ÕlÖÔ×ÔØ;ÙÔÕCÚ;Ø
ÛnÜ¡ÝßÞ à,á#ÝßÞ Ü¤â�ã%ä¤å#æ�çcè é�é�êIë�è ì·íjî*æ·ï¸íIæ·ðÂè ëjñnò�æ·í#æ·ï�ñ·ðÂóqæ#ôvåIì,ç�é�ìcïIõ�ìcóqö
÷ êMôÀè íIò ÷ ñ·è ï�øjè ë�æpçcè ë*ôÀñ·íIõ�æ,ënñ·ópì·íIò}ñ·ð ðMíIì#ç·æ,ënè í}ñfò·ï�ñ ÷ å·ù#ú#ñ,ë�æ#ç
ê ÷ ì·í�ôvå#æpë(ê�óûìIé#øÐæ�è òcå(ôÀæ#ç ÷ ñ#ôvåIëlú#æ#ô�ø!æ�æ·ílæ�ñ,õ(å ÷ ñ·è ï·ìIé¡íIì#ç·æ,ëMü
ä¤å#è ëZô�æ�õ(å,í,è ý¡êIæþåIñ�ëQú#æ�æ·í9êIë�æ#ç?ëMêIõ�õ�æ,ë�ë*évê�ð ð ÿ%ùnè í9õ�ì·í���ê�íIõ*ôvè ì·í
øjè ôvåfî*æcï1íIæcð ö{ú,ñ,ë�æ,çfð æ�ñ·ï¸í#è íIò´ópæIôvå#ì#ç�ëIù(ôÀì´çcï�ñMø è í(é�æ·ïÀæcíIõ�æ�ëhé�ïÀì·ó
ë�æ���æcï�ñcðÂô�ÿ ÷ æ,ëlìIécú,è ìcð ì,ò·è õ�ñ·ð%íIæ#ô�øÐì·ï�î�ëMü
Ù����	��
 Ý��¤ã��ænë(å#ìMøQô�åIñIôIõ�ìcó ÷ ê(ôÀè íMòhô�åIælç·è é�évêIë(è ìcíjî*æcï1í#æ·ðÂè ëÐæ#ý¡ê#è ö
��ñ·ð æ·í(ô¡ôÀìaóqñ��(è ópè �Mè íIòÏôvå#æ���ì·í���æ·ê�óqñ·í�í´æ·íMôvïÀì ÷ ÿ%ù·ë(ê#ú���æ�õ*ô�ô�ìañ
òcð ì�ú#ñcð�õ�ì·í#ë*ôvï�ñ·è í(ôUìcí}ôvå#æÉë(ê�ó ì#é�ôvåIæ��¥êIõ(ð è ç·æ,ñ·í/çcè ë*ôÀñ·íIõ�æ,ë/ú,æIô�ö
ø!æ�æ·íqí#ì#ç�æ�ëMü�ä¤å,è ëÐò¡ð ì�ú,ñ·ðÂõ�ìcíIë�ôvï�ñ�è íMô,ñ·ð ð ìMøhë�é�ì·ïcå#è òcå���ñcï�è ñcíIõ�æ}è í
ôvåIæ ÷ ñ·è ï�øjè ë�æÉçcè ë�ô�ñ·í#õ�æ,ëIü��;õ�õ�ì·ï�ç·è íMò¡ð ÿ%ù¡øÐæ ÷ ïÀì ÷ ì,ë�æañ·í ñcð ô�æcï1íIñ�ö
ôÀè ��æ¡ùIð ì�õ�ñcð ð ÿlõ�ìcíIë*ô�ï�ñ·è í#æ#ç/çcè é�é�êIë�è ì·íqî�æ·ï1í#æ·ð ù�ñ·íIçpøÐæ}ç·æ·ópì·íIë�ôvï�ñIô�æ
ôvåIñ#ô�ôvå#æ/ïÀæ,ëMê,ð ôvè íMònî*æ·ï¸íIæcð ñcð ð ìIøÐëCé�ì·ï�óqìcïÀælñ�õ�õMê,ï�ñIô�ænëMê ÷,÷ ì·ï�ô���æ�õ�ö
ô�ì·ïMópñ,õ(å,è í#æ ÷ ïÀæ#çcè õ�ôÀè ìcí�ì#é ÷ ïÀìIôÀæ�è í�évê�íIõ�ôÀè ìcíIñ·ð¸õMð ñ,ë�ë�è �(õ�ñ#ôÀè ìcíIëÔé�ïÀì·ó
óqæ#ô�ñ�ú,ì·ð è õÐñ·íIç ÷ ïÀì#ô�æ�è íIö ÷ ïÀìIô�æ·è íhè í(ô�æcï�ñ,õ*ôvè ì·íqí#æIô�øÐì·ï{î�ëMüÕ�à,á¡Þ�
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�Þ Ý���ã���ê ÷�÷ ð æ·óqæcí(ô�ñcïvÿ�ïÀæ�ë(ê,ð ô�ëjñcíMçpç·ñIô�ñ}ñ·ïÀæ}ñ ��ñ�è ð ñ�ú�ð ænñIô
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E F�GIHKJMLONQPKRSHIFTLUG
VXWZY\[^]_[\`7a�bBc�d�e�a�Y	c\f�g_h4i$Wj]kWlh�WZYnm	aloBb/a�dpo	qTqT[-rsaj`�r/a�btajY�]ka�iuoBbsg_Y$e
Y$a�]_vMc rsw7bZx7yzY�bso	hj{�W|Y	aj]kvMc rswB}�Y	c�i�a�b^r/aZ`�r/a�btajY$],e$ajY$a b�c2r-`�rtc�~
]_a�gTYBb*}�WjY$iXa�i�e$a�bKf�WZ[Ur/aZ`$rsa b/a�Y�]^`	{�[7b/g_h�Wjq^g_Y�]kaZrtWjh�]Tg�c2YXc�dI]_{$a
`�rtc2]kajg_Y7bS�p��hj{$v�g_w$c v|b/w�g^aj]�W�qpx�}l�$���$�6�,�Iaj]k��aj]�W�qpx�}��$�������4�\c2Y
VOaZrsgTY	e�a�]$Wjqzx }j�����$���t}Ze$ajY	alr/aje\o	q_Wj]kc2r�[�rsa�q_Wj]Tg�c2YBbs{$g�`�b,���?a�aua�]$Wjqzx }
���$���6�*y�{�fQa�q�b�aj]$W�qpx�}Z�$�������Z�Baje$W�q aj]$W�qpx }j���$�	�\�/}Za�i�e$a�b6g_YMWufQa�]kW�~
m7c�q�gkh�`7WZ]_{$vMWj[2}$bsg_f�g_qkW�rsgT]_gka�b?m	a�]_vMa�ajYS`�rtc2]kajg_YQb/a���o$a�Y$h�a b-���?c\Y	W
aj]�W�qpx�}��j�����$�/}^aj]kh\x^�l{	a�bta�Y	aj]kvMc rsw7bI`�rtc2�\gki�a�]kc$c\q�bKd�c2r|�\g�bso	W�~
q�gk�jg_Y$e�WZY	i�o�Y	i�aZr8bs]�WZY	i\g_Y$e�m	gkc�q_c�e\gkh�Wjql`${	ajY	c\fQajY7W�}?W�b|vMa�q_q-W�b
W�dpr/WjfQaZvMc rswXd�c2r|`�r/a�i�g_h�]Tg_Y$eXY$aZv�Y$a�]_vMc2r�wXa�i�e�a bQc2rK`$rsa�i\gkh�~
]Tg_Y$e(`$r/c\]_a�gTYMdzo�Y	hj]_gkc\YB}�qkc\h�WjqTg_��WZ]_gkc\YB}�aj]kh\xZ�?{�g�b6`7W�`7aZr�i$a�bthZrsg�m7a�b,W
e�a�Y$aZrtWjq\fQaj]_{	c\i�dsc r4i�aZrsg���gTY	e�W^�lo$h�q�gki�a�WZYIajf�m7a�i$i\g_Y$e�c\d6e$ajY	a�b
c r,`�rtc2]kajg_Y7b4dprtc2f�WZY\[|]T[�`	a�c�d�m	gkc�q_c�e\gkh�W�q\Y$a�]_vMc2r�w�x��?{$a�a�f�m	a�i$~
i\g_Y$e�f�WZ[�m	a�oBb/a�i�]�c�`	ajrsdsc rsf��\WZr�g�c2oBb^]_[\`7a�b(c\dn��g�b/o	W�q�gk��Wj]Tg�c2Y
WZY	iMgTY	dzajrsa�Y$h�a^]kW�bswBb�x
�6c rKh�c2Y	hZr/aj]kajY$a b8b�}^vMa�dsc\h�o7b|{$ajrsa�c2YU]_{$a�`�rtc m7qTa�f�c\d(`$rsa�~

i\gkhj]_gTY	e�`$r/c\]_a�gTYOdzo�Y	hj]_gkc\YB}uoBbsg_Y$eOW�bKg_Y\`	o�]�W�`$r/c\]_a�gTY�Y$a�]_vMc rsw6x
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²j³K¬-µ�±z²Z�ª*®�³|³�ª8T¸u²Z±�¹2º$¥^¨�¨�²Z±p¶j®�³�»IT²��©�ª�ª8¼�®_¦p�ª*³�¨�ª�²�±�³�²j³�½kªt¼�®_¦p�ª*³�¨�ª
²j´	¬l¦�µ�ª�¨8®T¾�¨�´�°�³�¨*�®T²Z³2¿j¬8³�³ ²Z�ª�¶-µ�±z²j�ª*®�³ ¦B¬t±pª�¯T¬t·�ª*¯�ª�¶^ª8®��©�ª8±�·�À�Á8Â,ÃtÄ?²Z±
Á�½/Ã*¿ Ä,±pªZ¦�µ ª*¨*�® Å�ª*¯�ÀZº�Æ�©�ª4T¬�¦p¹Ç®k¦$T²�µ�±pª*¶�®�¨*�¯T¬t·�ª*¯_¦7²j´�°�³ ¬t³�³�²j�ª*¶uµ�±z²Z�ª*®�³2¦
«M¬/±�¹�ª*¶�¬�¦,ÁZÈ/ÄjºjÆ�©�®k¦Bµ2¬/±��®�¨8°�¯T¬t±�³�ª*�¸u²Z±�¹�®k¦B°�³�¶j®�±pª*¨*�ª�¶�¿�·�°�$¦�²Z«�ªÇ³�ª8_½
¸-²�±�¹2¦,É_ªjº » º ¿�«(ª*T¬t· ²j¯�®�¨-²�±B±pª8»�°�¯T¬8T²Z±�À�³�ª8�¸-²�±�¹2¦zÊB¸u²j°�¯�¶�©�¬tÅ�ªÇ¶�®�±pª�¨8�ª�¶
ª�¶�»�ª�¦/º

�l{$g�b^`�rtc m7qTa�fË{	W�b-`$rsaZ��gkc\o7b/qT[Qm7a�a�Y�Wji$i2r/a�b*b/a�i�o7b/gTY	e�f�W�Ì8c2r�g_]_[
�\c\]_aÇ�z�Bh�{$v�g_w$c v|bsw$g�aj]2Wjqzx }��$�������tÍ�g�bs{�gke$Wjw�g�aj]2Wjqzx }����$�,�j�/}*e\r/WZ`${	~
mBW�b/a�i���ÎÇWj���\o$a���aj]\Wjqzx }��$���7�2�t}*Ï�WZ[	a�bsg�WZY���ÐIa�Y$ena�]2W�qpx�}����$�	�2�$WZY$i
i�g�bthZrsgTf�g_Y	Wj]Tg���aQqTa�W�rsY�g_Y$e�fQa�]T{7c\i7bI��ÎÇaZrs]^WjY$i�ÑMWZY$a�{�g�btW },���$�	�B�
�ÇWjY$h�w\rsg_a�]�aj]�W�qpx�}t�$����Ò$�*xp�l{	a,`�rtc m	q_ajfÓh�WjY-m	a�i$a�b/hjr�gTm	a�inW�b7W,]kvMc�~
h�q_W�b8b7h�q_W�b8bsg�ÔBh�WZ]_gkc\Y^`�rtc m7qTa�fÕc\Y�WZY�o�Y$i\g�r/a�h�]_a�i^e r/WZ`�{(����g_e�o\rsa��Z�8x
Ö h�h�c r/i\g_Y$e�]�c�]T{	aKaZ×$g�b/]_a�Y$h�aKc\d-W�b�`7a�hjg�ÔBhSdpo$Y$h�]Tg�c2Y�}BWZY$Y	c\]kWj]_a�i
`$r/c\]_a�gTYBb�W�r/a-q_WZm	a�qTa�i�a�gT]_{$ajr6Øu�Çc r�~�� x*ÙÚ{	ajY(`�r/a�i�g_h�]Tg_Y$e�]T{	auqkW�m7a�q
c�d$WZY�o�Y	WjY�Y7c2]ka�iÇ`�rtc2]kajg_YB}�c\Y$a4r/a�qTgka�b�c\Y(btc\fQa�Y	c\]Tg�c2Y�c�d	Ûjh�qkc$b/a�Y	~
a b8b/Ü-c r�Ûji\g�bs]�WZY$h�a�Ü?m	a�]_vMa�ajY�Y7c\i$a�b�x*�6c r�aZ×7WZf�`	q_a }�f�WzÌ*c rsgT]_[��\c\]_a
fQa�]T{7c\i	bÇbsg_f�`	qT[KoBb/a�]T{	aIbs{	c2r�]ka�b/]	`7WZ]_{�i\g�bs]�WZY$h�a }\WZY$iSh�c\o�Y$]$]_{$a
Y$o�f�m	ajr�c\du`7c	bsg_]TgT�\aQbtWZf�`7qTa b�gTY�]_{$a�Y	ajgke\{�m7c rs{	c$c\i6x7ÍIc vMaZ��aZrs}
m7a�h�Wjo7bta-]T{	a(bs{7c rs]_a bs]�`7WZ]_{|i�g�b/]kWjY$h�ang�bub/a�Y7bsg_]_g��\a^]�cM]_{$a^g_Y7btaZrs]Tg�c2Y
c2rMi$a�q_aj]_gkc\YUc�d�gTY	i\g���g_i�o	W�qÇa�i�e�a b*}nvMaÝY$a�a�iUWQrtc m\oBbs]ni�g�b/]kWjY$h�a
fQa�W�bso�rsangTY�c r/i�aZr,]kcSWjh�{�gkaZ�\a^{$g_e�{M`�r/a�i�g_h�]Tg�c2Y�`7aZr/d�c2r�f�WjY$h�a�x
y�Y$d�aZr�r�g_Y$e�h�qkc$btajY	a�b8bQWZf�c2Y	e�]T{	aÝY	c\i$a�b�c�d|WÝY$a�]_vMc2r�wUg�bQWZY

aZ×$]�r/ajfQa�q�[Kg_q_qk~�`Bc$b/a�iI`$r/c2m	q_ajf�x�ÙÚ{	ajY�]_{$aZr/a�W�r/a
n
btWjf�`	q_a�b�}�c\o\r

]�W�b/w�g�b|]kcUÔ7Y	iOWZY
n × n

bs[�f�fQa�]�rsgkhÝb/gTf�gkq_WZr�g_]_[Þf�Wj]�rsgT×Odpr/c\f
WjY�o�Y	i\gTrsa�hj]ka�i�e2rtW�`	{6x Ö m$g�c\qkc\e�g_h�Wjq?Y$aj]kvMc rsw�r/aZ`�r/a�btajY$]�b�qkc\h�Wjq
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`�rtc2×�g_f�g_]T[(r/a�qkWZ]_gkc\Y7bs{$g�`�b6m	a�]_vMa�ajYKbtWjf�`	q_a�bl��`�rtc2]kajg_Y7b4c2r�e�a�Y$a b/���
]T{7WZ],g�b�}B]kvMc�b8WZf�`7qTa bnW�r/a|qTg_w�a�qT[�]�c�b/{	W�r/aSb8c2fQaI`�rtc `	ajr�]_[Qv�{$a�Y
h�c2Y$Y$a�hj]ka�i�m$[IWZYIa�i�e�a�xj��c	}�v�g_]T{�r/a�bs`	a�hj]2]�cMa�W�hj{Ma�i$e�a }�vMa-{7W��\a
`�rsgkc2rnw�Y	c vMq_a�i$e�aK]T{7WZ]?h�c2Y$Y$a�h�]_a�i�btWZf�`7qTa bMbs{7c2o$q_i�m	a�h�q_c	b/a�]�c
a�Wjh�{Þc2]_{$ajr�x�ÍIc vMaZ�\ajrs}4]_{$aQY�o�f�m7aZr(c�d�dprsa�a�`7WZr/WjfQaj]kaZr8b�gTYÞ]T{	a
bsg_f�g_qkW�rsgT]_[(f�WZ]Tr�g_×�g�b

n(n+1)/2
}jv�{�gkhj{�g�b�f�o	hj{�qkW�rse�ajr	]_{	WjY�]_{$a

Y�o�f�m7aZr,c�d�a�i�e$a�b�x
VXc r/a�c2�\ajrs}sg_]�g�b	`$rsa�dzajr/WZm	q_a6]_{	Wj]�]_{$a,r/a�b/o$qT]Tg_Y$e�b/gTf�gkq_WZr�g_]_[^f�WZ]Tr�g_×

m	a�W��\WjqTgki����
�����
��� ��!"�$# %Ubtc ]_{	WZ]-dzo�Y$h�]Tg�c2Y�`�r/a�i\gkhj]_g�c2Y h�WZY�m7a
i$c2Y	a�m$[ bso\`$`7c2r�]|��a�hj]�c r�f�Wjhj{$gTY	a�b��z�7ÎMV b/�Ýc r�c2]_{$ajr�{�gke\{7~
`	aZr/dsc rsf�WZY$h�a�w�aZrsY$a�q4h�qkW�b8b/gkÔ�aZr8bM�'&|c2m	q_a }	�$���\Ò,�B�Bhj{)(\qTw$c `7dÇWZY	i
�7f�c\qkW�}$�$�����$�8x���a�hj{$Y�gkh�W�qTqT[2}7W|w�ajr�Y	a�q�f�Wj]�rsg_×Qg�b^r/a��\o$g�r/a�i�]�c�m7a
`7c$b/gT]_g��\a(i�a�Ô7Y�g_]ka\x2�l{	a�`Bc$b/gT]_g��\a�i�a�Ô7Y�g_]kajY$a b8bÇajYBbso�rsa bl]_{	Wj]�]_{$a�bta
btWZf�`7qTa b^h�WZY�gTf�`7q�gkhjg_]_qT[Qm7aKa�f�m	a�i�i�a�i�gTY$]kc�WK�lo$h�q�gki�a�WZY�bs`7Wjh�a
��h�Wjq_qTa�i�]_{$a�*
�+�,!.-��/�10.23�,4��j�*x Ö Y	c\]T{	aZr-gTf�`Bc rs]kWjY�]�dza�WZ]_o\r/aSc�d-]T{	a
w�aZrsY$a�qlr/aZ`$rsa b/ajY$]kWj]Tg�c2YÞg�b|]_{	Wj]^f�o$qT]TgT`	q_aQf�Wj]�rsg_h�a�bIr/aZ`�r/a�btajY$]Tg_Y$e
{$aj]kaZrtc\e$ajY	a�c2oBbli	WZ]�WIh�WZYQm7aIa�W�bsgkq�[�h�c\f�m$g_Y$a�iB}	dsc ruaj×	WZf�`7qTa(m	[
bso�f�f�g_Y$e�]_{$anw�aZrsY$a�q2f�WZ]Tr�gkh�a bl�656W���qTg_i�g�b4a�]7W�qpx�}������4�2�Z�uWZY$h�w\rsg_a�]
aj]BWjqzx } �$���\Ò,�ZÎ?ajr�]�WZY	i|ÑMWZY	aj{$g�b8W�}��$���	���Z�ub/o$i$W�aj]�Wjqzx }��$���7�2�*x
VXWZ×�g_f�o�fÚajY$]�rtc `�[-fQa�]T{7c\i	b�{7W��\a�m	a�a�Y?`$r/c �2a�Y-]kc?m	a4a�d�dpa�hj]_g��2a

d�c2r4btc�qT��gTY	eMe�ajY	aZrtWjq2gkq_q_~�`7c	b/a�i(`$r/c2m	q_ajf�b���ÙOoB}	�Z�$��7��*xZÍIc vMaZ�\aZrs}
f�WZ×�g_f�o�f a�Y�]Tr/c2`�[�fQaj]_{	c\i7b|WZrsa�f�c	bs]kq�[Oh�c\Y$h�aZrsY$a�i v�gT]_{O]T{	a
a�bs]_g_f�WZ]_gkc\Y�c\d-WI`�rtc m7WZm$gkq�g_]_[�i\g�bs]Tr�gTm\o�]_g�c2YB}BY	c\]4W|w�ajr�Y	a�q�f�WZ]Tr�g_×6x
yzY(]T{$g�b�`BW�`	ajrs}�vMaue�a�Y$aZrtWjqTgk��al]_{$auf�Wj×�g_f�o�fÕajY$]�rtc `�[(d�rtWZfQaZvMc2r�w
]kc^a bs]_gTf�Wj]_aÇW4`7c	bsg_]TgT�\a�i�a�Ô7Y�g_]_a4w$aZrsY$a�q�f�WZ]Tr�g_×6x Ö w$aZrsY$a�qjf�WZ]Tr�g_×ng�b
g_i$ajY�]_g�ÔBa�inm$[(f�WZ×�g_f�gk�jg_Y$en]_{$a�8�9��;:<�
-�� ������+��!.�=9>2@?(bso\mjÌta�hj]2]�c
W?b/a�] c�d�h�c\Y7b/]�rtWZg_Y�]�b	i�ajr�g���a�i^dpr/c\fÓW4Y	aj]kvMc rsw6xt�l{	al�\c2YA&Ia�o�f�WjY�Y
ajY�]Trtc `�[(g�b4WuY7WZ]_o\rtWjq aZ×$]_a�Y7bsg�c2YMc\d�]T{	a-�B{	WZY$Y	c\Y(a�Y�]Tr/c2`�[�]�c�`7c	bsg�~
]Tg���aSi$a�Ô7Y$gT]kaKf�WZ]Tr�gkh�a b*},v�{$g_h�{�g�b(h�c\f�f�c2Y	q�[�o7b/a�i�g_Y��\o7WZY$]To$f
`${�[Bbsgkh�bl�6&Mgka�q�b/ajY�WZY	iCB-{�o7WZY	e7}����$���$�8x
Ï�W�bta�i�c2Y|]_{�g�b?e�ajY	aZrtWjq$]T{	a�c2r�[\}�w�aZrsY$a�q�f�Wj]�rsg_h�a�bÇW�r/a�h�c2Y7b/]�rso$h�~

]_a�i�dpr/c\f m$g�c\qkc\e\gkh�W�q�Y	aj]kv�c2r�wBb�x	yzY�]_{$aM`$r/c�h�a b8b*}6h�c2Y7b/]�rtWZg_Y�]�bnc\Y
]T{	a�w�ajr�Y	a�quf�WZ]TrsgT×�f�o7b/]-m	a�gTf�`Bc$bta�i7}^v�{�gkhj{OWZf�c\o�Y�]u]�cUbs`	a�~
hjgkdp[$gTY	eM]T{	a�e$a�c\fQaj]Tr�[Kc�d6]_{$a(ajf�m7a�i$i�a�i|b8WZf�`7qTa b�g_YK]_{$a(d�a�WZ]_o\r/a
b�`7W�h�a�xtÙÞal`�rtc `7c	b/a,]_{$aldsc\q_q_c v�g_Y$e-]kvMc-]_[\`	a bBc\d$h�c\Y7bs]TrtWZg_Y�]�b	i�aZrsg�~
�\a�i�dprtc2f�]T{	a�m	gkc�q_c�e\gkh�Wjq?Y$a�]_vMc rsw�Du��ys�FE@�G9�H��)�34I9���0J!"���)#K�)!=D?]T{	a
bso�f c\dI�lo$h�q�gki�a�WZYOi\g�bs]�WZY	h�a�b|m7aj]kvMa�a�YXh�c2Y$Y$a�hj]ka�iObtWZf�`7qTa bSg�b
o\`�`7aZr�~�m7c\o�Y	i�a�iIm$[ÝW|h�c2Y7b/]kWjY�]p}BWjY$i���y�y��;�G9,4+����4I9���0J!"���)#K�)!L0
D7]T{	a
�lo$h�q�gki�a�WZY�i�g�b/]kWjY$h�aIm	a�]_vMa�ajY�a�Wjh�{Q`7Wjg�rnc\duh�c\Y�Y	a�hj]ka�i�btWZf�`7qTa b
g�blo\`$`	aZrs~�mBc2o�Y	i�a�inm	[KW(b/f�Wjq_qTajr4h�c2YBbs]�WZY�]�x
�l{$a�f�WZ×$gTf�o$f ajY�]Trtc `�[Þw�aZrsY$a�qudprtc2f ]_{$a�e�qkc m7W�q-h�c2YBbs]Tr/WjgTY$]

aZ×	W�hj]kq�[Sh�c r�r/a�b�`Bc2Y	i	b,]�cI]_{$aMN# *O*
-�0J#O9��C�
�����)���7�zÑ�c2Y	i$c2r�WjY$iI�uWjds~
dzajr�]_[2}��$�����$�/}Çv�{$g_h�{Þ{7W�bMm	a�ajY oBb/a�iUb/o$h�h�a�b*b/dzo$q_q�[�d�c2r(f�Wjw�g_Y$e
`�r/a�i\gkhj]_g�c2Y7bld�rtc2f m	gkc�q_c�e\gkh�W�q$Y	aj]kvMc rsw7b?���ÇWjY$hjw�r�gkaj]7aj]6W�qpx�}2�$���\Ò,�
Î?aZrs],WjY$i�ÑMWjY$a�{�g�btW�}$�$���7�2�*x2ÙÚ{	ajY�h�c2f�m	gTY	a�i�v�g_]T{Ý�7ÎMV b*}�]T{	a
i\gkd�dpoBbsg�c2Y^w�ajr�Y	a�q�{	W�b6W�q�r/a�W�i\[^m7a�ajYMbs{7c v�Y�]�cnvMc rsw���o�g_]_aÇvMa�q_q c\Y
[$a�W�bs]�dzo�Y	hj]_gkc\Y|`$rsa�i\gkhj]_gkc\Y����ÇWZY	hjw\rsgkaj]Baj]6W�qpx }��$���\Ò	�*��]_{	Wj]�g�b�}�]T{	a
`�r/a�i\gkhj]_g�c2Y�Wjh�hjo�r/W�hZ[nvMW�b�m	a�]T]kaZr$]T{7WZY^]_{$alWjh�hjo�r/W�hZ[nc\d�W,Ï�Wj[$a�b/gkWjY
Y$aj]kvMc rswS��ÐIajY$e|aj]�Wjqzx }��$���	�\�8x
ÍIc vMaZ�\aZrs}�c2Y	aMi2rtWZv(m7W�hjwSgTY${$ajrsa�Y�]Bg_Y�]T{	aMi\gkd�dpoBbsg�c2YSw�aZrsY$a�qBg�b

]T{7WZ]p}?gTYÞ]T{	a�d�a�WZ]_o\r/a�b�`BWjh�a }?]_{$a�i�g�b/]kWjY$h�a�b(m7aj]kvMa�a�Y h�c\Y�Y$a�hj]ka�i
btWZf�`7qTa b�{	W��\a�{$g_e�{Ý�\WZr�g�WZY	h�a�x��l{�g�b�fQa�WjY7b�]_{	WZ]-btc2fQaK`BWZgTrtb�c�d
h�c2Y$Y$a�hj]ka�i�btWZf�`7qTa buW�r/a(`7W�rs]_g_h�o$qkW�r/q�[�h�qkc$bta�]kc�c\Y$aMWZY7c2]_{$aZrs}�WZY	i
c2]_{$aZr8blWZrsa�Y	c\]zx�yzYK`�rtWjh�]Tgkh�a2}�]_{�g�bl{$g_e�{K�\WZr�g�WZY	h�a�q_a�W�i	bl]kc�b/h�WjqTgTY	e

`�rtc m7qTa�f�b(g_Y ]_{$a�dza�WZ]_o\r/a�b�`BWjh�a�D^btc2fQa�i\g�bs]�WZY	h�a bIW�r/a�btcÞq_WZr�e�a
]_{	WZ]Bf�WjY\[Qc\d4]_{$aIc\]T{	aZr8bÇWZrsa�a�d�dza�hj]_g��\a�q�[���ajr/c�x��?{�g�b-c2o�]kh�c\fQa�g�b
c m	�\g�c2o7btq�[�g_Y	WZ`�`$r/c2`�rsgkWj]_a2}�m	a�h�WZoBb/aSWjq_q4c�du]T{	a|a�i$e�a b-{	W���aMm	a�ajY
i�a�]_ajr�f�g_Y$a�i(m$[K]T{	a(btWjfQa�aZ×�`	ajr�g_fQajY$]kW�q `�rtc\h�a�i\o�rsa�x
ÙÞaKb/{	c v ]T{7WZ]B]_{$a�f�Wj×�g_f�o�f a�Y�]Tr/c2`�[Kw$aZrsY$a�q	mBW�bta�i�c2YQqkc\h�Wjq

h�c\Y7b/]�rtWZg_Y�]�bÇr/a�btc�qT��a�b-]_{�g�b(b/h�W�q�g_Y$eQ`�rtc m7qTa�f WjY$iQ]_{$ajrsajm$[�b/{	c v|b
m	a�]T]kaZrMWjh�hjo\rtWjhj[�gTY�[$a�W�bs]-dzo�Y$h�]Tg�c2YÝ`$rsa�i\gkhj]_gkc\Y6x,ÙÞa�h�W�qTqu]_{�g�bIW
ÛZqkc\h�Wjq_q�[Qh�c2YBbs]Tr/WjgTY	a�i�i\gkd�dzo7bsg�c2Y�w�ajr�Y	a�q_Ü\x2y�YQaZ×\`7aZrsgTfQa�Y�]�blm7W�bta�i
c2Y�fQaj]�W�mBc\qTg_h4`BWZ]_{$vMWZ[Bb6�QPMc2]�c^aj]\W�qpx }������$���	WZY$in`�rtc2]kajg_Y	~�`�rtc2]kajg_Y
g_Y�]kaZrtWjhj]_g�c2Y-Y$a�]_vMc rsw7b6���\c\Y^VUajr�g_Y$e^a�] W�qpx�}*�����$���t}�c2o�r�Y$aZv�w�ajr�Y	a�q
c2o$]�`7aZr/d�c2r�f�b6]_{$a�i\gkd�dpoBbsg�c2YIw$aZrsY$a�q7bsgke\Y$gkÔBh�WZY$]_qT[�x

R SUTWV F S P SYX GIH|JIL[Z]\_^ X]T J�G�F�Ga` L[b
c X J�G X ^ed

VXWZ×$gTf�o$f a�Y�]Tr/c2`�[ q_a�WZr�Y$gTY	e �zc r�a�b/]Tg_f�WZ]_g�c2Y$��g�bUW h�c2f�f�c2Y
W�`$`�rtc�W�hj{Xdsc r�b8c\q_�\g_Y$eOgkq_q_~�`7c	b/a�iX`�rtc m7qTa�f�bKgTY2�\c\q_�\g_Y$e a�bs]_g_f�W�~
]_gTY	eÚW�`�rtc mBW�m$gkqTgT]_[ i\g�bs]Trsg�m\o$]Tg�c2YÓc2YÕWÞh�c2Y$]Tg_Y�o7c2o7bQc rQi\g�b/hjrsa�]_a
i$c\f�WZg_Y��kÙOo�}2�Z�$��7��*x$P(g���ajY�Wub/aj]\c�d$h�c2Y7b/]�rtWZg_Y�]�b*}jc2Y	a�g�bBr/a��\o$g�r/a�i
]�c�`	g_h�wXc2Y$aÝi�g�b/]�rsg�m\o$]Tg�c2YUdpr/c\f ]T{	a�b/aj](c\dMi\g�bs]Trsg�m\o$]Tg�c2YBbSb8WZ]_g�b8~
dz[�g_Y$eÕWjq_q|]_{$a h�c2YBbs]Tr/WjgTY$]�bZx Ö Y7WZ]_o\rtWjqIh�{	c\g_h�aOg�b�]kcÓ`$gkhjw ]_{$a
i\g�bs]Trsg�m\o$]Tg�c2Y�v�g_]_{�f�WZ×$gTf�o$fÕajY�]Trtc `�[\}�v�{�gkhj{(h�c r�r/a�b�`Bc2Y	i	b$]�cn]_{$a
f�c$b/]7Û�bsf�c�c\]T{	Ü^i\g�bs]Tr�gTm\o�]_g�c2Y6x�ÙXg_]T{Kq�g_Y$a�W�r,h�c2YBbs]Tr/WjgTY$]�b�}�gT]	g�blvMa�q_q
w�Y7c v�Y�]T{7WZ]6]_{$aKc `$]_g_f�Wjq�b8c\qTo�]_gkc\Y�g�b-i$a�bthZrsg�m7a�iQW�bnWCP(gTm�mBbui�g�b8~
]Tr�gTm\o�]_gkc\YU��ÙOoB}n�j���,7��*xl�l{$a�f�WZ×$gTf�o$f ajY$]�rtc `�[ÞfQaj]_{	c�iÞWZg_f�b
]�cU]kWjw�a�]_{$a�f�c	bs]MÛ�Y$a�o�]Tr/W�qTÜ�i�g�b/]�rsgTm\o�]_gkc\YB}�v�{�gkhj{§h�c2Y$]kWjgTYBbKY	c
o�Y	vMWZY�]ka�iMbs]Trso$hj]_o\r/a\x��l{$g�b4b/a�hj]_gkc\YIi�a b/hZrsgTm	a�b6{7c vX]_{�g�b4W�`�`$r/c$Wjh�{
g�blaZ×$]_a�Y$i$a�iMdsc r,q_a�WZr�Y$gTY	e|W�w�aZrsY$a�q\f�WZ]TrsgT×�x

f�g6h ikj�l�m3j�n6oqp@m3rtsvu6o+wxp@mzy�j�o]{|mtp~}�l�p|���
�7ÎMV b�v�c2r�w�m$[�ajf�m	a�i�i�gTY	e�btWZf�`7qTa b-g_Y�]�c�WK�\a�hj]�c r^bs`7W�h�aSh�Wjqk~
q_a�i�W�*
�+�,!.-��/�a0'2��,4���}lWZY$i bta�WZrsh�{�g_Y$e�d�c2r(W�q�g_Y$a�W�r�i�g�bthZrsgTf�g_Y	WjY�]
dzo�Y$h�]Tg�c2Y(g_YKbso$h�{|W�b�`BWjh�a��p�Bh�{�(�q�w$c2`	d7WZY	iI�7f�c\qkW�}����$���$�8x*yzY|c\o\r
h�W�b/a2},]_{$a

n
Y	c\i$a�b�g_Y W�e2rtW�`${�W�r/a�f�W�`$`	a�i�]�c

n
`Bc2g_Y�]�b�gTY�]_{$a

d�a�WZ]_o\r/a�bs`7Wjh�a
x1, · · · , xn ∈ F

x?�l{	a�a�f�m	a�i$i\g_Y$eÝg�bKi�a�ÔBY$a�i
g_f�`	qTg_h�gT]kq�[Sm	[�b�`	a�hjgkdp[$gTY	eSWjY�gTY$Y$ajrl`�rtc\i�o$hj]B��gkWMW(`Bc$b/gT]_g��\a�i�a�Ô�~
Y�g_]ka�w�aZrsY$a�qlf�Wj]�rsgT×

Kij = x
>
i xj , i, j = 1, · · · , n

x�Ïna�h�Wjo7bta
]_{$aMi\g�b/hjr�g_f�g_Y	WZY$]6dzo�Y$h�]Tg�c2Y�g�b�b8c\q_a�qT[�rsaj`�r/a�btajY�]ka�iKm	[QgTY$Y$ajrl`�rtc�~
i\o	hj]�b*}lvMaQi$c�Y7c2]lY	a�a�iÝ]kc�{7W��\aQWZY aj×\`	qTgkhjg_]4rsaj`�r/a�b/a�Y�]�WZ]_gkc\Y�c\d
x1, · · · , xn

x$�(Y	h�alW,w�ajr�Y	a�qZf�Wj]�rsgT×^g�b	i�a�]_ajr�f�g_Y$a�i	}p]T{	a?�zbt�\o7W�r/a�i��
�lo	h�qTg_i$a�WZYMi�g�b/]kWjY$h�aum7aj]kvMa�a�YM]_vMc�`Bc2g_Y�]�b,h�WjYKWjq�btc(m7anh�c\f�`$o$]_a�i
W�b

Dij := ‖xi − xj‖
2 = Kii + Kjj − 2Kij

x
Ö b8b/o�fQa|]T{7WZ],WSb/a�]4c�d?qTgTY	a�W�ruh�c2YBbs]Tr/WjgTY$]�b

tr(KUj) ≤ 0, j =
1, . . . , m

WZrsa�e\g��\a�Y|W�b4`�rsgkc2r6w�Y7c vMqTa�i�e�a2}Zv�{	aZr/a
Uj

g�blWjY
n× nbs[$f�fQaj]Tr�gkhKf�WZ]Tr�g_×6xBy�Y�c2o\rnh�W�b/a2}�bso	hj{�h�c\Y7b/]�rtWZg_Y�]�b�WZrsa�i$aZrsg��\a�i

dpr/c\f m$g�c\qkc\e�g_h�Wjq�Y	aj]kvMc rsw7bM�z�Ba�h�]Tg�c2YÞ�\�8x4Ïna�h�WZoBb/a�]_{$a�bth�W�qTa�c\d
K

i$c�a�buY7c2]�W�d�d�a�hj]6]T{	a�`	ajrsdsc rsf�WZY	h�a�c\d�]_{$a|�BÎMV }$q_aj]�o7b-h�c2YBbt~
]Tr/WjgTY

tr(K) = 1
x+&|c vÚ]T{	a^`�rtc m7qTa�f g�bldsc rsf�o$qkWZ]ka�iMW�b�hj{7c�c	bsg_Y$e

c2Y	auw�aZrsY$a�q2f�WZ]Tr�g_×Mv�{�gkhj{Kb8WZ]_g�b8ÔBa�b�W�qTq�]T{	a�bta^h�c2YBbs]Tr/WjgTY$]�bZxZÍIc vMa�~
�\ajrs}�m	a�h�WZoBb/aM]_{$a|Y�o$f�m	aZrÇc�dÇa�i�e$a�bug�b-oBbso	W�qTqT[�b/f�Wjq_q�}�]_{$aZr/a|WZrsa
g_Y	Ô7Y$gT]ka�qT[�f�WjY\[Mhj{7c2gkh�a�bZx��Bo$hj{IWÇ`$r/c2m	q_ajf g�b,h�W�qTq_a�iMWZY�gkqTqk~�`7c$bta�i
`�rtc m7qTa�fÓ��ÙOoB}��Z�$��7��t}*v�{$ajrsa4]_{$aubtc\qTo�]_g�c2Ynh�WjY�Y7c2]Zm7a�i�aj]kaZrsf�g_Y$a�i
o�Y$g_��o$a�q�[Idpr/c\f ]T{	ang_Y$dsc rsf�WZ]_gkc\Y|WZ]7{	WjY$i�x

�
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yzYS�\o7WZY�]_o�f `	{�[7b/g_h b*}�]_{$a�Y	c\]Tg�c2YKc�d�a�Y�]Tr/c2`�[I{7W�b�m	a�a�YKe$ajY$ajr/W�q�g�~
��a�i�]kcS`Bc$b/gT]_g��\aMi$a�Ô7Y$gT]ka�f�WZ]Tr�gkh�a buv�gT]_{Q]Tr/W�h�a|c\Y$a|�6&Mg_a�qkbtajY�WjY$i
B-{�o7WZY$eB}����$���$�8x��l{$a-a�Y�]Tr/c2`�[(c�d�WÇ`7c$b/gT]_g��\aui�a�Ô7Y�g_]kaÇf�Wj]�rsg_×

K
g�b

i�a�Ô7Y$a�i|W�b

E(K) = −tr[K log K], K � 0, tr(K) = 1,
�*�j�

v�{$ajrsa
log

g�b�]_{$a-f�Wj]�rsgT×�qkc\e$WZr�g_]_{�f c2`	aZrtWZ]_g�c2Y(WjY$i
K � 0

i�a�Y	c$~
]_a b	]_{	WZ]

K
g�b7`7c	bsg_]Tg���a,i$a�Ô7Y$gT]ka\x*�l{$a���o	WjY�]_gT]_[

E(K)
g�b�h�Wjq_q_a�iA8�9��

:<��-�� �����Qa�Y�]Tr/c2`�[�x2y�Y��\c\Yv&Iajo$f�WZY�Y�a�Y�]Tr/c2`�[2}$]_{$aIY	c2]_g�c2Y�c\duW
bsf�c$c2]_{�i\g�bs]Trsg�m\o$]Tg�c2Y�g�b�aZ×$]_a�Y$i�a�in]�cn]_{$a^bsf�c$c2]_{�Y	a�b8b�c\d7a�g_e$ajY2�\W�~
q�o	a�b�}jm	a�h�WZoBb/a^]_{$a��\c2Y &Ia�o�f�WZY$YIajY$]�rtc `�[Mh�WZYIm7anv(rsgT]_]_a�YKW�bl]_{$a
�7{	WjY�Y7c2Y�a�Y�]Tr/c2`�[(c�dBajgke�a�Y �\W�q�o	a�b��'&Mgka�q�b/a�YMWjY$i B-{�o7WZY	e7}��$���$���*x
Ö b4b/a�a�Y�gTYMw�ajr�Y	a�q
5|B Ö }�W-dzaZv {�gke\{�ajgke�a�Y �\W�q�o	a�bBfQa�WZYBb6]T{7WZ]2]_{$a
btWjf�`	q_a�buW�r/aMh�c\Y$h�a�Y�]Tr/Wj]_a�iIg_YQW�q�g_Y$a�W�rubso�mBbs`7Wjh�aMc\d�qkc v i�gTfQa�Y	~
bsg�c2Y7WjqTgT]_[U�z�Bhj{)(\qTw$c `7d�WjY$iÞ�Bf�c\qkW�},�$�����$�8x���c2o$e�{$qT[�b�`7a�Wjw�g_Y$e7}
f�WZ×$gTf�gk�jg_Y$e�a�Y�]Tr/c2`�[ WZf�c\o�Y�]�b�]�cÝ`	qkWjh�gTY	e�]_{$a�b8WZf�`7qTa b�g_Y ]_{$a
dza�WZ]_o\r/a�b�`BWjh�a�W�b?aZ�\a�Y$qT[KW�b�`7c	b8bsgTm	q_a\x
f�g! " p$#@u%� u�&�u6m�'(�Cm3w l
{@���
ÙÞaM`$r/c2`7c	b/a�]�cQq_a�W�rsY�WIw�aZrsY$a�q�f�WZ]TrsgT×�m	[Qf�WZ×$gTf�gk�jg_Y$e�]_{$a|�\c2Y
&Iajo$f�WZY�YIa�Y�]Tr/c2`�[2}

minK tr(K log K),
tr(K) = 1, tr(KUj) ≤ 0, j = 1, · · · , m.

���$�

&|c2]_g_h�a�]T{7WZ]?vMa�i\r/c2`�`7a�i�]T{	a�h�c2YBbs]Tr/WjgTY$]
K � 0

},m7a�h�WZo7bta�]T{	a
c `	]Tg_f�Wjq4btc\qTo�]_g�c2Y�c�d-�p���?g�b�WjqTv�Wj[7b^`7c	bsg_]Tg���aIi�a�Ô7Y�g_]_a2}�W�b�b/{	c v�Y
q_Wj]_ajr�x�y�d|]T{	a�c `$]_g_f�g_��WZ]_gkc\YÞ`$r/c2m	q_ajf�g�b�d�a�W�bsgTm	q_aÞ��gzx a�x }�gkdI]_{$aZr/a
g�b WOf�Wj]�rsgT× btWZ]_g�b/dz[�g_Y$e W�qTqK]T{	aXh�c\Y7b/]�rtWZg_Y�]�b/�t}Q]T{	ajY g_]Sh�WZY m	a
h�c\Y ��aZrs]_a�i ]�cO]_{$a�i�o	W�qno�Y	h�c\Y7bs]TrtWZg_Y$a�i `�rtc m7qTa�f m	[XfQa�WjY7b�c�d
�ÇWje\r/WjY$e$anf�o$qT]_g�`7q�gkaZr8b�x��7g_Y$h�a

tr(K log K)
g�b^WIb/]�rsg_h�]_qT[Qh�c\Y2�\aZ×

dpo$Y$h�]Tg�c2Y|�6&Mg_a�qkbtajY|WZY	i<B-{�o7WZY$eB}Z�$���$���t}Z]_{$anc2`$]_gTf�W�q$btc�q�o$]Tg�c2Y|c�d
]T{	a�i�o	W�q	`�rtc m	q_ajf�h�c r�rsa b�`Bc2Y$i7b,]�c|]_{	Wj]6c\d,]_{$aMc rsg_e�gTY7Wjq�`�rtc m7qTa�f
W�b?d�c�qTqkc v|b�x

�*)�+-,�./+$0 ��x21�3��FMN-����$2z�Q9�H)�G�+� 9=*54�6�7 #L0eM)��0J4�� #GH,�+MC��0

min
α≥0

log tr[exp(−
∑

j

αjUj)].
�z�\�

1�3,�a9$2z!"#L� ����MN-��)��23�������C�I!"���
α

∗ 4�9,�$�Q�+0.2z9���M,0 !"9 !83��19>23!.#K� �)�
2z�$#K� �)�$23�������C�I!"���

K∗ ��0

K∗ =
1

Z(α∗)
exp(−

∑

j

α∗
j Uj),

��Ò	�

9 3,�
�Q� Z(α∗) = tr[exp(−
∑

j α∗
j Uj)] :

�l{$aÇ`$r/c$c\d7g�b,e\g��\a�Y�gTY Ö `$`	ajY	i\g_× Ö x��l{	a�btc�q�o$]Tg�c2Y
K∗ g�b�W�q�vMWZ[Bb

`7c	bsg_]Tg���a�i�a�Ô7Y�g_]_a�m	a�h�WZoBb/a�]_{$a f�WZ]Tr�g_× aZ×�`7c2Y	ajY$]Tg�Wjq^f�WZ`Bb�WjY\[
bs[$f�fQaj]Tr�gkhuf�WZ]Tr�g_×M]kc|Wu`7c	bsg_]Tg���a^i�a�ÔBY�g_]_a-f�Wj]�rsgT×�xZ�l{$a^i�o	W�q�c `	]Tg�~
f�g_��WZ]_gkc\Y�`�rtc m7qTa�f ���2�Bg�b?b/]�rsg_h�]_qT[|h�c2Y2�\aZ×�}�b8c�]T{	ane�qkc mBWjq�c2`$]_gTf�W�q
btc�q�o$]Tg�c2Y h�WZY§m	a�c m$]�WZg_Y$a�iUm$[Õbs]�WZY	i$W�r/iXh�c2Y2�\aZ× c2`$]_gTf�gk��Wj]Tg�c2Y
fQaj]_{	c�i	bKv�gT]_{	c\o�]�qkc\h�Wjq�f�gTY$gTf�W�`$r/c2m	q_ajf�b�x-y�YX]_{$a�dsc\q_q_c v�g_Y$e
aZ×\`7aZrsgTfQa�Y�]�b*}SvMaXo7b/a§W bsg_f�`	q_aOe2rtWji�g_a�Y�]Ii�a b/h�ajY�]SWjq_e$c rsg_]T{$f
��i$aj]�WZgkqkb�gTY Ö `�`7ajY$i�gT× B^�*x

1.00 0.00

0.00

0.000.00

0.00
0.00

0.00
β=0

0.66 0.10

0.01

0.010.10

0.10
0.01

0.01
β=0.15

0.47 0.15

0.03

0.030.15

0.13
0.02

0.02
β=0.3
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�©�ª�¶�®�´T´�°2¦p®T²Z³|µ ¬t±z¬t«�ª8Tªt±

β
º>=�¬*¨8©IÅ�¬8¯�°�ª�²j³S¬n³�²j¶�ª�¦p© ²�¸^¦?�©�ª�¹�ªt±�³�ª8¯

Å�¬8¯�°�ª^·�ª*�¸-ª*ª*³I�©�ª^³�²�¶�ª�¬8³�¶I�©�ª�Á*¨�ª8³��±z¬t¯B³ ²j¶�ª*Ä�ÉT®kº ªZº ¿\�©�ª^³ ²j¶�ª�¸u®��©
Ã�º ?@?�¸Ç©�ª8³

β = 0
Êzº ¥n¦��©�ª^¶j®�´T´�°2¦z²j³(µ ¬t±z¬t«�ª8Tªt±,®�³�¨8±pª�¬�¦zª�¦s¿2�©�ª-¹�ª8±�³�ª*¯

Å�¬8¯�°�ªZ¦6¶j®�´_´�° ¦zªÇ«�²Z±pª?¨�²Z«�µ�¯�ª*�ª*¯�À��©�±z²Z°�»j©��©�ª?»j±z¬/µ�©2º

f�g8A Bvj�n6p$#@u6m�'DCa{@m3oIw l�pNu6m3wxo
ÙÓ{$a�Y�]_{$a?`�rtc m	q_ajf �p���	g�bBg_Y$d�a�W�bsgTm	q_a }�c2Y$aÇh�WjY�r/a�qkWZ×�]T{	al`$r/c2m	q_ajf
W�b�dsc\q_q_c v|b+D

minK,ξ tr(K log K) + λ
∑m

j=1 ξj ,

tr(K) = 1, tr(KUj) ≤ ξj

ξj ≥ 0, j = 1, · · · , m.

�FE\�

ÍMajrsa2}
λ
h�c2Y$]�rtc\q�b,]_{$an]TrtWji�a�~zc�d�d7m7aj]kvMa�ajYKajY�]Trtc `�[KWjY$iM]_{$a��\g�c\qkW�~

]_gkc\Y�c\dÇh�c2YBbs]Tr/WjgTY$]�bZx2�l{$aMrsa bso$qT]_gTY	e�i\o	W�q7`�rtc m7qTa�f g�bnW�q�f�c	bs]�]_{$a
b8WZfQaMW�b?]_{$aMc rsg_e�gTY7Wjq7i\o7Wjq$`�rtc m7qTa�f�}�m\o$]�v�gT]_{QW�i�g_dpdzajrsa�Y�]7h�c2YBbt~
]Tr/WjgTY$]

0 ≤ αj ≤ λ
x$�l{$aMi$aZrsg��\WZ]_g�c2Y�g�b^i�a�bthZrsg�m7a�i�g_Y Ö `�`7ajY	i\g_×

ÏMx

G ^ÇL�R T ^]^�\�RQL�G1d�HKJ T F�G X N�N�F6bFbnPCd�FTL�G
c X J�G X ^

�?a�]
A

m7a�]T{	a
n × n

Wji�Ì8W�h�a�Y$hZ[Ýf�WZ]TrsgT× c�d�W�e2rtW�`	{6x Ö qkb8c	}?qTa�]
D

m	aS]T{	a
n × n

i\g�Wje$c\Y	W�q�f�WZ]TrsgT×�bso	hj{�]T{7WZ]
Dii

g�b�]_{$aS�\aZrs]_aj×
i$aje2r/a�a|c�d

i
~p]_{�Y7c\i�a2}�gzx a�x }6]_{$aSY�o$f�m	aZr^c\d-a�i$e�a b^g_Y2�\c\q_�\g_Y$e�]_{$a

i
~p]T{IY7c\i$a\x��l{$a�btc$~ph�Wjq_qTa�iIe2rtW�`	{M�ÇW�`7q_W�hjg�WZYIf�Wj]�rsgT×|g�b?i�a�Ô7Y$a�i|W�b

L = D−A
x*�l{$a�i�g_d�dzo7b/gkc\Y^w�aZrsY$a�q��zÑ�c2Y	i$c2r$WZY$i-�uWjd�d�aZrs]T[�}/�$���$���

g�b�]_{$a�Y|i�a�Ô7Y$a�iKW�b

K = exp(−βL),

v�{	aZr/aM]T{	a|i�g_d�dzo7b/gkc\Y�`7WZr/WjfQaj]kaZr
β > 0

i�a�]_ajr�f�g_Y$a bu]_{$a|i$aje2r/a�a
c�d�i�g_d�dzo7b/gkc\Y6xj�?{$a�i�g_dpdpoBbsg�c2YIw�ajr�Y	a�q7h�WjYIm7a�g_Y�]kaZr�`�r/aj]ka�iMg_YS]_ajr�f�b
c�d��G�Hx?a�x����M)9�� 9 �)�K��#K��E�dsc r?bso	dpÔBhjgkajY$]_qT[Qbsf�Wjq_q

β
�pÑ�c2Y$i	c r�WZY$i

I



�����������
	��������� �

�ÇWjd�d�aZrs]_[B}t�����$���*x Ö ]ja�W�hj{�bs]kaZ`�c�d�r/WjY$i$c\f§vMWjqTw�g_Y$eB}�]_{$a,Y$aj×�]ZY	c�i�a
g�b�r/WjY$i	c2fQqT[�h�{	c	b/ajYKd�rtc2f ]_{$anY	ajgke\{�m7c rsg_Y$e(Y	c�i�a�blWjh�h�c r/i\g_Y$e�]�c
]T{	an]Tr/WjY7bsg_]_gkc\YI`�rtc mBW�m	g_qTgT]_gka�b�xZ�?{$a^rtWZfQi	c2f vMWjqTwKg�buÛZqkWj�j[	Ün{	aZr/a }
m	a�h�WZoBb/aMc2Y	aMh�WZYÝbs]�WZ[�WZ]�]T{	aKbtWjfQaMY	c�i�aI��gzx a�x	b/a�qTds~zq_c$c `	�*x y�d?vMa
Ô7×�]_{$a|]�rtWZYBbsg_]Tg�c2Y�`�rtc mBW�m$gkqTgT]_[Q]�c�aZ�\ajr�[�Y$ajgke\{�m7c2r�g_Y$eSY	c�i�aSW�b�W
h�c2YBbs]�WZY$]

β
}�]T{	ajY(]T{	a^bta�q_d�~zqkc�c `(`�rtc mBW�m	g_qTgT]_[(c�d7Y	c�i�a

i
g�b

1−diβ
}

v�{$aZr/a
di

g�bK]T{	a�i$aje2r/a�a�c\d(Y	c�i�a
i
xu�l{$a�w�ajr�Y	a�q-�\WjqTo$a

Kij

g�b
]T{	ajYIa���o�g��\W�qTa�Y�]\]�c�]_{$a-`$r/c2m7WZm$gkq�g_]T[M]_{	Wj]	WurtWZY	i$c\f vMWjqTwSb/]kWZr�]_gTY	e
d�rtc2f

i
v�g_q_q m7a-Wj]

j
W�dp]kaZr�g_Y	ÔBY�g_]_au]_gTfQanbs]kaZ`�b�xZ��gke\o�rsa-�Ibs{7c v|b�]T{	a

Wjhj]_o	W�q��\W�q�o	a�b4c\d�i\gkd�dzo7bsg�c2YMw$aZrsY$a�q�b,v�g_]T{|i�g_dpdzajrsa�Y�]	btaj]_]Tg_Y$e7b�c\d
β
x

ÙÚ{	ajY
β
g�bÇb/o$dpÔBh�g_a�Y�]kq�[Sq_WZr�e$a }�]_{$a�w�aZrsY$a�q��\WjqTo$a b?Wjf�c2Y	eIi\g�bs]�WZY$]

Y	c\i$a�buh�W�`$]_o\r/aM]_{$aIqkc2Y	e$~�r/WjY$e$a�r/a�qkWZ]_g�c2Y7b/{�gT`Bb?m7aj]kvMa�ajYQ`�rtc2]kajg_Y7b
c r�e�ajY	a�bZx
�?aj]	o7b?h�c\Y7b/g_i$aZr�]_{$a�Y	c2r�f�W�q�gk��a�iM�\aZr8bsg�c2YKc�d�i�g_dpdpoBbsg�c2YMw�ajr�Y	a�q�}

K =
1

Z(β)
exp(−βL),

���\�

v�{$aZr/a
Z(β) = tr(exp(−βL))

x|&|c\]_aK]T{7WZ]�]_{$aSY	c2r�f�W�q�gk��Wj]Tg�c2Y
�����li$c�a�buY7c2],W�d�d�a�hj]6]T{	a�rsa bso	q�]�bnc�dlw�ajr�Y	a�qk~�mBW�b/a�i�qTa�W�rsY�g_Y$eQWjq_e$c$~
r�g_]T{$f�b-�p�Bh�{�(�q�w$c2`	d4WZY	iS�7f�c�q_W }2�$���$���*x��l{$g�bÇw�ajr�Y	a�q	f�WZ]TrsgT×�h�WjY
m	a^i�ajr�gT�\a�iMW�b�]T{	anc `	]Tg_f�Wjq$b8c\qTo�]_gkc\Y|c\d6]T{	a^d�c�qTqkc v�gTY	e(f�WZ×�g_f�o�f
ajY�]Trtc `�[�`$r/c2m	q_ajf�D

min
K

tr(K log K), tr(K) = 1, tr(KL) ≤ c,

v�{$aZr/a
c
g�b4Wl`Bc$b/gT]_g��\aÇh�c2YBbs]�WZY$]�}jv�{�gkhj{(g�b,WjY(g_f�`	qTgkhjg_] dzo�Y	hj]_gkc\Y(c�d

β
xB�l{�oBb*}B]T{	aKi�g_dpdpoBbsg�c2YQw�ajr�Y	a�q6g�b�]_{$aIf�Wj×�g_f�o�fËajY$]�rtc `$[�btc�q�o7~

]Tg�c2YÕbso\mjÌta�hj](]kcÓbsg_Y$e$qTa�e�qkc mBWjq(h�c\Y7bs]TrtWZg_Y�]
tr(KL) ≤ c

x(�Çaj]
{sj , tj}

m
j=1

i$ajY7c2]ka�]_{$aÞY	c\i$a�`BWZgTrtbQh�c2Y$Y$a�hj]ka�iUm	[
m

a�i$e�a b�x
�l{$aM��o	WZY$]Tg_]_[

tr(KL)
a���o	Wjq�bu]_{$aKb/o�f c\dl�lo$h�q�gki�a�WZYQi\g�bs]�WZY	h�a b

m	aj]kvMa�a�Y|h�c\Y�Y	a�hj]ka�i|b8WZf�`7qTa b�D

tr(KL) =

m
∑

j=1

‖xsj
− xtj

‖2.
�67$�

Ïna�h�Wjo7bta^]T{	a^e�qkc mBWjq\h�c2Y7b/]�rtWZg_Y�]$h�c2YBbs]Tr/WjgTYBb�]T{	a�bso$f c�d6i�g�b/]kWjY$h�a b
c2Y$qT[2}6a�Wjhj{Ýi\g�bs]�WZY	h�aSg�b�W�qTqkc vMa�i�]�cQm7a�i2rtW�bs]_gkh�Wjq_qT[�i�g_d�d�aZr/ajY$]zx7y�Y
dzWjh�]�},gTY�c2o�r^aj×\`	ajr�g_fQajY$]�b�}6vMa�c2mBbtaZr/�\a�i�{�gke\{Ý�\W�rsgkWjY$h�a b^g_YÝ]T{	a
i\g�bs]�WZY$h�a�b4`�rtc\i\o	h�a�i�m	[|]_{�g�b�w$aZrsY$a�q7�p��a�hj]_g�c2Y|Ò	�8x
yzYIc2rsi$aZrB]kc(g_f�`7c	b/a^W-f�c2rsaÇo�Y$g_dsc rsf Y$a�]_vMc2r�w|bs]Trso$hj]_o\r/a }jq_aj]\oBb

h�c2YBbsgki�ajr�]_{$a�dsc\q_qkc v�gTY	eC�G9,4+���,4I9���0J!"���)#K�)!L0
D

‖xsj
− xtj

‖2 ≤ γ, j = 1, . . . , m.

�l{$aKf�WZ×$gTf�o$f a�Y�]Tr/c2`�[Q`$r/c2m	q_ajf��pv�gT]_{	c\o�]�rsa�q_Wj×	WZ]_g�c2Y$�Çg�b�i$a�b8~
hZrsg�m7a�i|W�b

min
K

tr(K log K), tr(K) = 1,
���2�

tr(KVj) ≤ γ, j = 1, · · · , m,

v�{$aZr/a

[Vj ]st =







1 (s = sj , t = sj) or (s = tj , t = tj)
−1 (s = sj , t = tj) or (s = tj , t = sj)
0 otherwise ���$�

&|c2]_gkh�aM]_{	Wj]
L =

∑

j Vj

x	ÙÚ{	ajY�v(rsg_]T]kajYQg_Y�]_{$a�bs]�WZY	i$W�r/iQdsc rsf
�p���t}

Uj = Vj−γI
x/ÙÞa�h�Wjq_qZ]_{$a,r/a�bso	q�]_g_Y$e-w�ajr�Y	a�q�WlÛjq_c�h�Wjq_qT[nh�c2YBbt~

]Tr/WjgTY	a�i^i\gkd�dzo7b/gkc\Yuw$aZrsY$a�q_Ü\x Ö b7v�g_q_q�m	aÇb/{	c v�Y^g_Yn]T{	a�Y$aj×�]�bta�hj]_g�c2YB}
]_{�g�blfQa�]T{7c\iSi$c�a�b?Y	c\]7`�rtc\i\o	h�a�aZ×�]Trsa�fQa�qT[KqkW�rse�a(i\g�bs]�WZY$h�a�b�}�WjY$i
[�gka�q_i	ble$c$c\i(r/a�bso	q�]�blgTYSdpo$Y$hj]_g�c2YM`$rsa�i\gkhj]_gkc\Y6x

� X]V Z X J�F S X GIHqd
ÙÞa^h�c2f�`$o$]_a�inw�ajr�Y	a�q�b�d�rtc2f ]kvMc�i\gkd�d�aZr/ajY�]�]_[\`	a b,c\d7[$a�W�b/]2m$g�c\qkc�~
e\gkh�W�q?Y	aj]kvMc rsw7b�x?�l{$aÝÔ	r8bs]-Y$a�]_vMc rswÞvMW�bIi$aZrsg��\a�i�m$[ ÎÇaZrs]^WjY$i
ÑMWZY	aj{$g�b8W ���$���7�2�|dprtc2f ]T{	a��lyxP Ö &MÐ i$Wj]kWZm7W�b/aÞc�dKh�{$a�f�g_h�Wjq
r/a�Wjh�]Tg�c2YBb|gTYUm	gkc�q_c�e\gkh�WjqÇ`BWZ]_{$vMWZ[Bb��������
	�����������	�����	������
 �! �"�#�$���*xjyzYS]_{�g�b?e\r/WZ`${�}�]_vMcI`�rtc2]kajg_Y7b?W�r/a�qTgTY$w�a�iKgkd�]_{$aj[Sh�WZ]�W�~
qT[$��aI]_vMc�b/o$h�h�a�b*bsg���a�rsa�Wjh�]Tg�c2YBb*}$g_Y�v�{$g_h�{Q]T{	a�`�rsg_f�W�rs[�`�rtc\i\o	hj]
c\d�]T{	aÇÔ	r8bs]�r/a�Wjh�]Tg�c2Y�g�b�]T{	a4`�rsg_f�W�rs[(bso�mBbs]TrtWZ]ka?c\d$]T{	aÇb/a�h�c\Y$i-r/a�W�h�~
]_gkc\Y6xZ�l{$o7b*}�W^`7Wj]T{KgTYI]_{�g�b?e2rtW�`${�r/aZ`$rsa b/a�Y�]�b�W-`Bc$b8b/g�m7qTa�b/ajr�gka�b?c\d
r/a�Wjh�]Tg�c2YBblh�WZ]�WjqT[$��a�iKm$[S`�rtc2]kajg_Y7bÇWjqkc2Y	e|]_{$a(`BWZ]_{6x��l{$a�r/a�b/o$qT]Tg_Y$e
fQaj]�W�mBc\qTg_hnY$aj]kvMc rsw|h�c\Y�]�WZg_Y7b 7�E�EM`�rtc2]kajg_Y7b�WjY$i 7����\�|a�i�e$a�bZx
�l{	a§b/a�h�c2Y	iÓY$a�]_vMc rsw vMW�b�hZr/a�WZ]ka�iÚm	[ �\c2Y VUajr�g_Y$eÕa�]SW�qpx

�p�����$����dpr/c\f `$r/c\]_a�gTY7~�`$r/c\]_a�gTYÚgTY$]_ajr/W�hj]_gkc\Y7b�gki�a�Y�]_gkÔBa�iÕ�\g�W bsg_×
i\gkd�d�aZr/ajY$]�fQaj]_{	c�i	b+DM{�gke\{7~�]_{\rtc2o	e\{\`	o�]-[$a�W�b/](]kvMc�~p{�[�m�rsg_iB}�h�c2r�~
r/a�qkWZ]ka�i f �A& Ö aZ×�`�r/a�b8b/gkc\YB}Úe$ajY	aj]_g_h g_Y�]kaZrtWjh�]Tg�c2Y���bs[�Y$]T{	aj]_g_h
q_aj]_{	WjqTg_]T[	�/}*]�WZY	i�a�fÓW�dpÔ7Y�g_]_[^`$o�r�g�ÔBh�Wj]Tg�c2Y�}8{�gke\{7~�]_{\rtc2o	e\{\`	o�]*f�W�b8b8~
b�`7a�h�]�rtc2fQa�]�rsg_hl`�rtc2]kajg_Y�h�c2f�`	q_aZ×�g_i$ajY�]_g�ÔBh�Wj]Tg�c2YMWZY	i�h�c2f�`$o$]kWj]Tg�c�~
Y	W�q fQaj]_{	c�i	b�x Ö q_q2g_Y�]kaZrtWjhj]_g�c2Y7b�vMajrsa-h�qkW�b*bsg�ÔBa�iIgTY$]kc�c2Y	anc\d7]_{\r/a�a
h�c\Y	ÔBi$ajY	h�aMh�Wj]_a�e$c rsgka�b*}7{�gke\{7~s}7fQa�i\g_o�f�~/}7WjY$iQqkc vI~ph�c2Y7ÔBi�a�Y$h�a2}
m7W�b/a�i�c\Y�]_{$a�Y$o�f�m	ajr|c\dMi\gkd�d�aZr/ajY$]ÇfQa�]T{7c\i	bI]_{	WZ]�g_i$ajY�]_gkdp[OWZY
g_Y�]kaZrtWjhj]_g�c2Y�W�b�vMa�qTq�W�bn]_{$aKY�o$f�m	ajr-c\du]_gTfQa b^]_{$aKg_Y�]kaZrtWjhj]_g�c2Y�g�b
c m�b/ajrs�\a�i�xsy�Y^]T{	a�b/a�aj×\`	ajr�g_fQajY$]�b�}*vMa�o7bta�inW,fQa�i\g_o�f§h�c2Y7ÔBi�a�Y$h�a
Y$a�]_vMc2r�w|h�c2Y$]kWjgTY$gTY	eM�%���+7�`�rtc2]kajg_Y7blWZY$iÝ���&�E�E�a�i�e$a�b�x
�l{	a^r/a�i\o	h�a�i(�\WZr�g�WZY	h�a-g_Y|]_{$a��\WjqTo$a�b,`�rtc\i\o	h�a�i�m	[I]_{$anqkc\h�Wjq_q�[

h�c\Y7b/]�rtWZg_Y$a�i i\gkd�dzo7b/gkc\Y w�ajr�Y	a�q-h�WjYÞm7a�b/a�a�YUgTYU��gke\o�rsa��7xu�l{�g�b
ÔBe�o\r/a�i\g�b�`	qkWZ[Bb*}lo7b/gTY	e�{$a�WZ]Çf�W�`Bb�}?i\g�bs]�WZY$h�a�f�WZ]Trsg_h�a�b�i$aZrsg��\a�i
dpr/c\f ]T{	a�fQa�]kWZm7c�q�gkh�Y	aj]kvMc rsw|o7b/gTY	eKqkc\h�Wjq_q�[QWjY$iSe�qkc m7W�qTqT[Kh�c2YBbt~
]Tr/WjgTY	a�iUi\gkd�dzo7bsg�c2Y�w�ajr�Y	a�q�b�x-yzYO]_{$a�e$q_c2m7W�qTqT[�h�c2YBbs]Tr/WjgTY	a�i�h�W�bta }
btc\fQaMi\g�bs]�WZY	h�a�b-WZrsa|b8c�q_WZr�e$a�]T{7WZ]�]_{$aIc\]T{	aZr8b-W�r/aIWjqTf�c$bs]6gTY2�\g�bsg�~
m	q_a }�v�{$aZr/a�W�b$]T{	ali\g�bs]�WZY	h�a b�`�rtc\i\o	h�a�ilm	[n]T{	a�q_c�h�W�qTqT[nh�c\Y7bs]TrtWZg_Y$a�i
w�ajr�Y	a�qÇWZrsa�f�c r/aQo$Y�gkd�c2r�f�x Ö i\gTr/a�hj]-h�c\f�`7WZr�g�btc\Y c\d�]T{	a�qkc\h�Wjq
WZY	i�e�qkc mBWjq�i�g�b/]�rsg�m\o$]Tg�c2YBb?`�rtc\i�o$h�a�iKm$[�mBc2]_{�Y$aj]kvMc rsw7bÇg�b^e�g��\ajY
g_Y���W�m	q_aÞ�2x,y�Y�mBc2]_{�h�W�bta�b�}?]T{	aQe�qkc mBWjq�w�ajr�Y	a�q4`$r/c�i\o	h�a�bMb8c2fQa
aZ×$]�r/ajfQa�q�[|qkW�rse�a�i\g�bs]�WZY$h�a�b�} v�{$ajrsa�W�b�]T{	a�qkc\h�Wjq	w�aZrsY$a�q7i\g�bs]�WZY$h�a�b
h�c\Y$h�ajY�]TrtWZ]kanW�rtc2o�Y	i

γ
x

y�Y�Wji�i�gT]_g�c2Y�]kc�h�c2f�`BW�rsgTY	eKe$q_c2m7Wjq�WjY$i�qkc\h�W�qBw�ajr�Y	a�q�bui\gTrsa�hj]kq�[\}
vMa^]ka�b/]_a�iM]T{	a-w�aZrsY$a�qkb('\o�]_gkq�g_]T[|gTYI]_{$a^h�c2Y$]_aZ×$]$c\d�WZYK�7ÎMV�h�qkW�b*bsg�~
ÔBh�WZ]_gkc\Y|]�W�bsw�x�Ù�a�o7b/a�iSW�buW�e	c\q_i�b/]kWjY$i$WZrsi|]T{	a�dzo�Y	hj]_gkc\Y	W�q$h�WZ]ka�~
e$c2r�gka�buc�d�]T{	a�VUyQ5�� Bnc\f�`�r/aj{	ajY7b/g��\a��?a�W�bs] P�ajY	c\fQa(Ð|WZ]�W�m7W�b/a
�=B^� P(ÐQ��� ! ��)*	��+)�,*	���+�-�����.#+���/.��0�1��2$"��)434�*xM�l{$a b/a
h�Wj]_a�e$c rsgka�b�W�r/a�Y7c2]?f�o$]To7Wjq_q�[�aj×$h�qTo7b/g��\aQWjY$i�{	ajY$h�aQW�r/a�W�`$`�rtc�~
`�rsg�WZ]ka�qT[�]Trsa�WZ]ka�iMW�b6g_Y$i�aj`	a�Y$i�a�Y�]�m$g_Y	W�rs[�h�q_W�b8b/gkÔBh�WZ]_gkc\Y�]kW�bsw7bZx�ÙÞa
b/a�qTa�hj]ka�i�Wjq_q�dzo�Y	hj]_gkc\Y	Wjq	h�Wj]_a�e$c rsgka�bÇh�c\Y�]�WZg_Y�g_Y$eKWj]6q_a�W�b/],�2�K`Bc$bsg�~
]_g��\a|aj×	WZf�`7qTa bn��b/a�a�c2Y	q�g_Y$aSbso\`$`	q_ajfQa�Y�]�dsc ru]T{	aKh�c2f�`7qTa�]_aIqTg�bs]k�/}
r/a�bso	q�]_g_Y$eQg_Y �5��h�Wj]_aje	c rsg_a bndsc r-]_{$aSfQaj]�W�mBc\qTg_hKY$a�]_vMc rsw�WjY$ik7%�
h�Wj]_a�e$c rsgka�b7dsc r	]T{	a4`�rtc2]kajg_Y	~�`�rtc ]_a�gTY^g_Y�]kaZrtWZh�]Tg�c2Y^Y	aj]kv�c r�w�x�yzY�h�c2f�~
`$o$]Tg_Y$e(i\gkd�dzo7b/gkc\Y�w�ajr�Y	a�q�b*}j]_{$aÇ`7WZr/WjfQaj]kaZr

β
vMW�b,�\W�rsgka�i�d�rtc2f ��x �
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 �¡�¢�£�� £��-®_¦pT¬8³�¨�ª�«�¬8�±�®�¨�ªZ¦	´k±z²Z« »�¯T²�·2¬t¯�¯�À�¬t³�¶-¯T²j¨�¬8¯�¯�À^¨�²j³ ¦p�±z¬8®�³�ª�¶n¶�®�´T´�°2¦p®T²Z³^¹�ª8±�³�ª*¯_¦/º�Æ6©�ª�¾�»�°j±pªÇ¦p© ²�¸^¦B©�ª�¬t�«M¬/µ^±pª8µ�±pªZ¦zª8³�T¬t�®T²Z³2¦�²Z´	�¸-²u¶j®_¦pT¬8³�¨�ª
«�¬8�±�®�¨�ªZ¦�¿Zµ�±z²�¶j°�¨*ª�¶�°2¦p®�³�»��©�ª?«(ª*T¬t· ²j¯�®�¨Ç³�ª*�¸u²Z±�¹(¸u®��©

β = 2
º��l²j¯T²�±�¦�¬t±pª?«M¬/µ�µ�ª�¶�°2¦p®�³�»(¬4·�¯_¬8¨*¹�½T·2²j¶jÀ�©�ª�¬8\«M¬/µIÉT¯T²�¸-ªt±B¯�ª*´��Êzº��$²�±BÅ�®k¦�° ¬t¯�®	��¬8�®T²j³

µ�°�±�µ ²�¦zªZ¦s¿j�©�ªl«M¬8�±�®�¼^®�³�¨8¯�°�¶�ªZ¦,²Z³�¯�À�³�²�¶�ªZ¦�¸Ç®��©n¶�ª*»Z±pª�ª?«M²�±pª?�©�¬8³�
	? ºZÆ�©�ªZ¦zªl®�«M¬8»�ª�¦6¸-ªt±pªlµ�±z²�¶j°�¨�ª�¶�°2¦�®�³�» @,0	5,=�3�A�\<6!�) É��$¬/Å�¯�®�¶j®k¦�¬8³�¶��n²Z·�¯�ªZ¿
� ?@?�
jÊzº

������� �������! #" $�� %�&�" � '�()'�*,+��  -" ./(10/23 4� (6587 '9%�./7 7 :)./(1+;7 '�0<./7 7 :)0<'�(1 #" $=./� (�2<+)+8� *!*	&� #� '8(6>12?$�(12?7! ?@8ACB12D+�� 5�� "! E #B1'3FG" B12H(�&�IJ%12?$C'�*,+��  -" ./(10/23 K" B�./"�*	./7 7�%�2?" F;2/2/(L" B12DM8./7 &12�'8*
N $#2OM�� '�&� K0<'�7 &�IJ().?(1+6" B�2P0?&�$	$#2/(�",'8(128@3Q�'9$R" B�23 -2H>�2?$�(12/7  TS

β = 2
S9./(1+6ACB12H0<'8(� #" ./(�"

γ
�  K+�2?" 2?$�I)� (12<+J&� #� (�5LUTVTW1X#@

�-ª*�¸-²�±�¹ �l²Z³2¦p�±z¬t®�³�
≤ γ 2γ 10γ 100γ 1000γ > 1000γ«�ª8_¬/·2²Z¯�®�¨ »�¯T²�·2¬t¯ Y ��Z,[ � 
$Ã ����[ Ã�
 ? � Ã ?

«�ª8_¬/·2²Z¯�®�¨ ¯T²j¨�¬t¯ 
�Y	?,\ Z Ã8
 [ Ã8] ? ? ?
®�³��ª8±z¬*¨8�®_²Z³ »�¯T²�·2¬t¯ [�[ \�Y Z�ZR^ [ Y [ Z \�Ã ? ?
®�³��ª8±z¬*¨8�®_²Z³ ¯T²j¨�¬t¯ Z�[�� Y_\ [ Ã8
 Ã8] ? ? ?

]kc �Bx-�6c2rMa�Wjh�{U�\W�q�o	a�c�d
β
}
γ

vMW�b�b/aj]�b/o$h�{Þ]_{	Wj]^]T{	aÝc\�\aZrtWjq_q
bs]Trsa�Y$e�]T{Kc�d�h�c2YBbs]Tr/WjgTY$]�b4vMW�bla��\o	W�qQD

γ = tr(exp(−βL)L)/m.
���Z�$�

�l{$a�`BW�rtWZfQaj]kaZr
λ
vMW�b^b/aj]�]kc��j���S]T{�r/c\o$e�{	c2o$]�]_{$aMaZ×�`	ajr�g_fQajY$]�bZx

�6c r�a�W�hj{�h�Wj]_aje	c rs[�WZY	i�a�Wjh�{�w�ajr�Y	a�q�}ZWjYM�BÎMV�vMW�b6]�rtWZg_Y$a�inoBbsg_Y$e
{	W�qTd(c\d�]T{	a�i$Wj]kW }uWZY	i�g_]�bM`	ajrsdsc rsf�WZY	h�a�vMW�b�fQa�W�b/o\r/a�i c\Y ]_{$a
rsa�f�WZg_Y�g_Y$eO{7Wjq_d8x�Ù�aÞoBb/a�i ]_{$aU�7ÎMV g_f�`	q_ajfQajY$]kWj]Tg�c2Y gTYÓ]_{$a
�)5�y�ÐM���Ub8c\dz]_vMWZrsa?`7W�hjw	W�e�a-�������
	�`�2�a
	 36b"a ! �$���� 	 �$����	
��+�4a�)�����"�-�  +��)�� ! ���.B�8xBÍMajrsa2}4vMaSr/aZ`7c2r�],r/a�b/o$qT]�b(v�{	ajY
]T{	a,rsa�e\o$qkW�rsgk��WZ]_g�c2YÇ`7W�rtWZfQa�]_ajr

C = 1000
��bta�a�]_{$alc\Y$qTgTY	a?bso�`�`	q_a�~

fQajY$]$dsc r?bsg_f�g_qkW�r,rsa bso	q�]�b�dpr/c\f c2]_{$ajr�b/a�]T]_g_Y$e	b?c\d
C
x��l{	an�\o7WjqTgT]_[

c\d6]T{	a-`�r/a�i�g_h�]Tg�c2YBb6`�rtc\i\o	h�a�inm	[I]T{	a��7ÎMV vMW�b�fQa�W�b/o\r/a�i�oBbsg_Y$e
]T{	a �;� B§b/h�c r/a }2v�{�gkhj{Sg�bl]T{	a(WZrsa�Wno$Y$i$aZrlW�h�o\r/�\an]_{	Wj]$`7q_c\]�bl]_{$a
]�rso$a,`Bc$b/gT]_g��\a,rtWZ]kalW�b7W4dzo�Y	hj]_gkc\Y^c�d2dzW�qkbta,`	c$b/gT]_g��\a�rtWZ]ka }zdsc r$�\WZr�[$gTY	e
h�qkW�b*bsg�ÔBh�Wj]Tg�c2YQ]_{\r/a�b/{	c�qTi7b�x Ö `7aZr/dza�hj]6h�q_W�b8b/gkÔBajrÇrtWZY$w7b^W�qTq4c\dÇ]_{$a
`7c	bsg_]Tg���a�bBWZm7c2�\aÇWjq_q c�d�]_{$a?Y$aje	WZ]_g��\a b7WZY$inrsa�h�a�g��\a�b6WZY���� BÞbth�c r/a
c\d��\�ZW,r/WjY$i	c2f§h�q_W�b8b/gkÔBajr�r/a�h�ajg��\a b7W?b/h�c r/alc\d	W�`�`$r/c\×�g_f�WZ]ka�qT[u�6x EBx

��gke\o�rsa-ÒKh�c2f�`BW�r/a�b6]_{$anh�q_W�b8bsg�ÔBh�WZ]_gkc\YM`	ajrsdsc rsf�WZY	h�aÇc�d��7ÎMV b
]Tr/WjgTY	a�iÝoBbsg_Y$e�qkc\h�W�qTqT[ �\ajrtb/o7b�e$q_c2m7W�qTqT[�h�c\Y7bs]TrtWZg_Y$a�i�f�Wj×�g_f�o�f
a�Y�]Tr/c2`�[Iw�ajr�Y	a�q�b�xj�l{	a�ÔBe�o\r/a(b/{	c v|bl]T{7WZ]p} dsc r,m7c2]_{|]_[\`7a�b?c\d,Y$a�]k~
vMc rswB}�]T{	au�BÎMV `	aZr/dsc rsf�WZY$h�a4g�b�r/a�qkWZ]_g��\a�q�[^rtc m\oBbs]2Wjhjr/c	b8b�WÇv�gki�a
rtWZY	e�aQc\d��\WjqTo$a bMc\d�]T{	aQi\gkd�dzo7b/gkc\YÝ`7W�rtWZfQa�]_ajr

β
xl�6o\rs]T{	aZrsf�c r/a }

g_Y|aZ�\ajr�[Mh�W�b/a2}�]T{	anqkc\h�W�qTqT[Ih�c\Y7b/]�rtWZg_Y$a�i�w$aZrsY$a�q	c2o$]k~�`	ajrsdsc rsf�b7]_{$a
e$q_c2m7Wjq_qT[-h�c2YBbs]Tr/WjgTY	a�iuw�aZrsY$a�qpx8��g_e�o\r/a�E-i\g�b�`7q_Wj[7b	]_{$a?b8WZfQa4r/a�b/o$qT]�b
v�g_]T{7c2o$]�W��\aZrtWje�gTY	e7}�bta�q_a�hj]_g_Y$e^dsc r	a�Wjh�{nh�qkW�b8b6WZY	ina�W�hj{^w�ajr�Y	a�qZ]_{$a
�\W�q�o	a4c�d

β
]_{	Wj]Z[�gka�q_i	b�]T{	a�m	a�b/] ��� BÝb/h�c2rsa�x/�l{$a4h�c2f�`	q_aj]ka4h�c�qTq_a�h�~

]_gkc\Y|c\d ��� B b/h�c r/a�b4v�g_]_{Mrsa b�`7a�hj]$]kcIa�Wjh�{CB^� P(ÐÕh�qkW�b*bsg�ÔBh�Wj]Tg�c2Y
g�b?W��\Wjg_qkW�m7qTa�c2Y$qTg_Y$a\x

c N�FGd|RÝPCdCd�FTL�G
VUo$h�{�rsa�h�ajY$]�r/a�b/a�W�r/hj{�{7W�b�dsc\h�o7b/a�i�c2Y�]_{$a�`$r/c2m	q_ajf c�d^g_Y$d�aZr�~
rsgTY	eI�\W�rsg�c2o7b�]T[�`	a blc\d�m	gkc�q_c�e\gkh�Wjq�Y$a�]_vMc rsw7bld�rtc2f e$ajY	c\fQa�~zv�g_i$a
i	WZ]�W�b/a�]�bu�p��aje$W�q\aj]BWjqzx }��$���	����56a '_ajr,aj]BWjqzx }��$���4�2�Z��c2{SWZY$i|ÍIc rsgk~
f�c\]kc7},���$���6�|5�gkq�`7a�q^aj]nW�qpx }����$�,�2�,�?a�o�Y	e aj]nW�qpx }����$�����*x?ÍMajrsa2}
vMa(d�c�hjoBb?c\YK]_{$a(i$c v�YBbs]Trsa�WZf `�rtc m7qTa�f�D�e�g��\a�YSWZY��zc m�b/aZr/�\a�i|c r
g_Y$d�aZr�rsa�i��6m$g�c\qkc\e�g_h�Wjq7Y$a�]_vMc2r�w�} {7c v i$c�vMa�oBb/a�]_{	Wj]�Y$a�]_vMc rswS]kc

d
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β
º�Æ�©�ª4µ�¯T²Zk¦6¦p©�²�¸ �©�ª�«�ª�¬t³��	����¦z¨�²Z±pª�¦�¨�²j«�µ�°��ª�¶�¬*¨8±z²�¦s¦7�©�ªÇ¦zª82²Z´E��
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i2rtWZv g_Y$d�aZr/ajY	h�a b^W�mBc2o�]6]T{	a|e�a�Y$a b^c rÇ`�rtc2]kajg_Y7bug_YQ]_{$aIY	aj]kvMc rsw��
�7o$h�{�gTY	dzajrsa�Y$h�a�b(f�gke\{$]?m7a�i2rtWZv�Y dprtc2f WZY\[Þ]T[�`	a�c�dnm	gkc�q_c�e\g�~
h�Wjq4Y	aj]kvMc rsw�WZY	i�f�g_e�{�]�h�c\Y$h�ajr�Y�f�c\q_a�h�o$qkW�r^dpo$Y$hj]_g�c2YB}6h�a�q_q�o	q_WZr
h�c2f�`Bc2Y	ajY�]Bc r�m	gkc�q_c�e\gkh�W�q�`$r/c�h�a b8b�x �l{$o7b�}2]_{$aMi�g_dpdpoBbsg�c2YSw�aZrsY$a�q�}
gTY	h�qTo$i\g_Y$e|]T{	a�q_c�h�Wjq_qT[Sh�c2Y7b/]�rtWZg_Y$a�i|�\ajrtb/gkc\YSi$a�bthZrsg�m7a�iK{$aZr/a } {	W�b
m�rtc�WjiIWZ`�`7q�gkh�WZm$gkq�g_]T[$x
��o\rs]_{$aZrsf�c r/a }�g_Y§h�c2Y$]�rtW�b/]�]�cOfQaj]_{	c�i	bS]_{	Wj](i�g�r/a�h�]_qT[ i$aZrsg��\a

q_WZm	a�q�`$rsa�i\gkhj]_gkc\Y7b�dpr/c\f ]_{$aÞY$aj]kvMc rswÓ��ÎÇWj���\o	a���a�]|Wjqzx }-�$���	���
ÐIajY$eKaj]�Wjqzx }��$���7�2�t}�]T{	anw�ajr�Y	a�q7W�`�`$r/c$Wjh�{|i�a�]kW�hj{$a b4]_{$a�i\g�bs]�WZY$h�a
i�a�b/g_e�Ynd�rtc2fÚ]_{$a?bs]�WZ]_g�bs]_g_h�WjqZg_Y$d�aZr/ajY	h�a\x��?{$a�i�ajr�gT�\a�i^i�g�b/]kWjY$h�a4f�Wj[

]_{$ajYSm7a(h�c2f�m	gTY	a�i|v�g_]_{�c2]_{$aZrli	WZ]�WMWZY$iSoBb/a�i�dsc rlf�o	q�]_g�`7qTa�`$o�r�~
`7c	b/a b*},g_Y$h�q�o	i\g_Y$e��\g�bso	W�q�gk��Wj]Tg�c2Y�},h�qTo7b/]_ajr�g_Y$eB},h�qkW�b*bsg�ÔBh�Wj]Tg�c2Y WjY$i
r/aje2r/a�b*bsg�c2Y6x
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Ñ(�QvMc2o	qTinqTg_w�a�]�c-]T{7WZY$w^VÚxsÙUW�rsfSo$]T{B}�PSx ���Z]�b/h�{B}*ÏMx8�Bh�{�(�q�w$c2`	dt}
VÓx�Ïna�qTw�g_YOWZY$i Ð�x��l{7c2o�d�c2r�dpr�o$gT]kdzo$q?i�g�bthjoBb8bsg�c2YBb�x?ÙÕ�)&�g�bSW
�Bqkc�WjYK�6c\o�Y$i	WZ]_gkc\Y �na b/a�WZrsh�{��6a�q_q_c v WZY	i|g�b^bso�`�`7c2r�]ka�iIm$[ &|�7�
WZvMW�r/i	b4ys�7y/~z�����7���\���MWZY	iMÐMÏ^ys~z���,74� E\�	�Bx
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T Z Z X G�N�F V T�� ZIJIL�L[b§L[bXH�� X LUJ X<S E
�l{$an�ÇWje\r/WjY$e\g�WZY|c�d4�p����g�bli$a�b/hjr�gTm	a�i|W�b

L = tr(K log K) +
∑

j

αjtr(KUj) + β(trK − 1)
�����Z�

v�{$ajrsa
αj ∈ <, β ∈ <

WZY	i
αj ≥ 0

xj�Baj]_]Tg_Y$e(]_{$a-i�ajr�gT�\WZ]_g��\a?v�g_]_{
rsa b�`7a�hj]	]�c

K
]�cM]_{$a(��ajr/cMf�WZ]Tr�g_×B}�vMa�{	W��\a

I + log K +
∑

j

αjUj + βI = 0.

�l{�g�b�a��\o7WZ]_gkc\YIg�bubtc�qT��a�i|W�bldsc\q_q_c v|b+D

K = exp(−
∑

j

αjUj − (1 + β)I).
���Z���

= exp(−(1 + β)) exp(−
∑

j

αjUj).
�*���2�

�7o\m�bs]_gT]_o�]_g_Y$eMg_]7gTY$]kcI]T{	an�ÇW�e2rtWZY$e�gkWjYB}jvMa�{7W��\a

L = − exp(−(1 + β))tr(− exp(
∑

j

αjUj)) − β.
����Ò	�

�l{$a�c `$]_g_f�Wjq
β
]_{	WZ]	f�WZ×$gTf�gk��a b?����Ò	��g�b?c2m$]�WZg_Y$a�iKW�b

β = log[tr[exp(−
∑

j

αjUj)]] − 1.
��� E��

�7o\m�bs]_gT]_o�]_g_Y$eK��� E���g_Y�]�cK�����2�t}
K

g�b�rsaj`�r/a�b/a�Y�]ka�i(m	[
αj

c2Y	q�[

K =
1

Z(α)
exp(−

∑

j

αjUj),

v�{$ajrsa
Z(α) = tr[exp(−

∑

j αjUj)].
�7o�mBbs]_g_]To$]Tg_Y$e���� E��?g_Y�]�c

�*�ZÒ$�t}�vMa(Ô7Y7Wjq_q�[K{	W��\a�]T{	a�i�o	Wjq�`�rtc m7qTa�f

max
α≥0

− log tr[exp(−
∑

j

αjUj)].
�*� �\�

T Z Z X G�N�F V���� NQP T ^ Z|JML � ^ X<S buLUJ d|L[blH
StT J1`UF�G
�l{$an�ÇWje\r/WjY$e\g�WZY|c�d4�FE\��g�blv(rsgT]_]kajYSW�b

L = tr(K log K) + λ
∑

j

ξj +
∑

j

αj(tr(KUj) − ξj)

−
∑

j

δjξj + β(tr(K) − 1),

v�{$ajrsa�]_{$a|�ÇWje\r/WjY$e�a(f�o	q�]_g�`7q�gkaZr8b
αj ≥ 0, δj ≥ 0

x7�Baj]_]Tg_Y$e�]T{	a
i�ajr�g��\Wj]TgT�\a^v�gT]_{Ir/a�bs`	a�hj]	]kc

ξj

]�cI��aZrtc	}�vMa�{	W��\a

λ − αi − δi = 0,
v�{�gkhj{ng�b�rsaZv(rsg_]T]kajY�W�b

δi = λ−αi

x��7g_Y$h�a
δi ≥ 0

}�]_{$a?gTY	a��\o7WjqTgT]_[
αi ≤ λ

g�b7i�ajr�gT�\a�i6x8�7o\m�bs]_gT]_o�]_gTY	e^g_]�g_Y�]�c-]T{	a��ÇW�e2rtWZY$e\gkWjYB}�vMa�{7W��\a

L = tr(K log K) +
∑

j

αjtr(KUj) + β(tr(K) − 1)

v�{�gkhj{Þg�bKaZ×7Wjhj]kqT[ ]_{$a�b8WZfQaÝW�b|]_{$aÝc rsg_e�gTY7WjqÇ�ÇWje\r/WjY$e\g�WZYÞ�����j�8x
�l{$ajrsa�d�c2rsa2}�dsc\q_q_c v�g_Y$e^]_{$a^btWjfQa-b/]_aj`Bb6g_Y Ö `$`	ajY	i\g_× Ö }�vMa^WZrzrsg��\a
WZ]	]T{	a�b8WZfQa�i\o	W�q\`$r/c2m	q_ajf v�gT]_{|Y	aZvÕh�c\Y7bs]TrtWZg_Y�]�b

αi ≤ λ
x

T ZCZ X G�N�F V R � `UJ T NQF X GIH N X d|R X G|H
L[ZnHIF S F�� T HIFTL�G
ÙÞa�oBb/a(]_{$a�e2rtWji�g_a�Y�]7i�a�bth�a�Y�]BfQaj]_{	c�i|dsc rlf�g_Y�g_f�g_��gTY	eI]_{$a�i\o7Wjq
dzo�Y	hj]_gkc\Y

f(α) = log tr[exp(−
∑

j

αjUj)].

�l{	anhjo�rzr/ajY$]\`BW�rtWZfQaj]kaZr
α

(t) g�blo\`7i$Wj]_a�iM]kc
α

(t+1) W�b?d�c�qTqkc v|b�D

α
(t+1) = α

(t) − ηt

∇f(α(t))

‖∇f(α(t))‖
,

v�{	aZr/a
ηt

i$aj]kaZrsf�gTY	a�b|]T{	a�qTa�W�rsY�g_Y$eÞrtWZ]ka }(WZY	i
∇f(αt)

g�bK]_{$a
e\r/W�i\gkajY�]$�\a�h�]kc2r�xZ�l{	a

k
~p]_{Ka�q_ajfQa�Y�]Bc\d

∇f(αt)
g�blv(rsgT]_]kajYSW�b

∂

∂αk

f(α) =
tr[−Uk exp(−

∑

j αjUj)]

tr[exp(−
∑

j αjUj)]
.

ÙÓ{$a�Y^]T{	a4o\`	i	WZ]ka�iÇ`7WZr/WjfQaj]kaZr\dzW�qTq�bBc\o�]�c�d2]T{	a�g_Y�]kaZr/�\Wjq
0 ≤ αj ≤

λ
}	g_]�g�bu`	o$q_qTa�iSm7W�hjw�]�c���c r

λ
x$yzY�]T{	aIaZ×\`7aZrsgTfQa�Y�]�b*}�vMaSb/]kWZr�]ka�i

dpr/c\f ]T{	ang_Y�g_]Tg�Wjq$rtWZ]ka
η1 = 100

x�ÙÓ{$ajYK]T{	anrtWZ]kang�bl]kc$c|qkW�rse�a�WjY$i
f(α)

g�bugTY	hZr/a�W�b/a�i|m$[�]_{$a(o�`	i$Wj]_a2}
η
g�bursa�i\o$h�a�iK]kcKg_]�b-{	Wjq_d*x�Ù�a

`7aZr/d�c2r�fQa�iSW�f�Wj×�g_f�o�f c\dÇ�\��gT]kaZrtWZ]_g�c2Y7bÇg_Y�c2rsi$aZrl]�c�f�gTY$gTf�gk��a
]_{$a�dpo$Y$hj]_g�c2Y6x
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